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UNIT-1V
STOCHASTIC PROCESSES-SPECTRAL CHARACTERISTICS

INTRODUCTION:

In majority of the communication related problems transmission power and
bandwidth plays a significant role. Describing the characteristics of random
process is very much needed in the design of communication experiments.

Autocorrelation function, Cross-Correlation function, and Covariance are
used to describe the statistical properties of random processes in time domain.

Similarly frequency domain can also be used to characterize the random
processes. Power spectral density is the fundamental tool used to calculate the
average power of random processes.

Fourier transform is the fundamental tool used to get the frequency
information of a signal (or) a process. However for any process to have Fourier
transform must satisfy the “Dirichlet’s conditions”. One’s Fourier transform is
applied then the average power is area under power spectral density curve.

POWER SPECTRAL DENSITY
Let x(t) be the one sample function of a random process X (t). Further consider

xp(t) represent the portion of x(t) between — T <t <T.

x(t) —T<t<T
t) =
xr(6) { 0 elsewhere

The energy contained in the waveform x;(t) is in the interval (-T,T) is

T T
E(T) = | x72(6)dt = | x2(¢) dt
Jrron=]

By dividing the above expression by 2T, we obtain the power P(T) of the

truncated (small) portion is
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T

T

1 1

P(T) = >7 xp2(t) dt = o7 sz(t) dt
=T

-T
From the above equation it is observed that
v" It does not represent the power in an entire sample function.
v The expression is only the power in one sample function and does not
represent entire random process.
Hence to obtain power density spectrum for the random process
v" Let making T arbitrarily large i.e; T — o and
v P(T) is actually a random variable with respect to the random process. By
taking the expected value for P(T), we can obtain an average power Pyy for

the random process.
Pyx = E[P(T)]

T
1
— lim 2
Pyy = }1_r)r01o T jE[x (t)] dt
-

Sop) M T oy de

1 Joo E[1X7(w)|?]

2
Tlim %is called power spectral density.(PSD)
E[|Xr(0)]?]
S = i
xx(@) = lim 5T

where Xr(w) = F.T[x;(t)]
T

= fx(t) e Jotdt

=T
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Properties of power spectral density
1. Power spectral density is always a non-negative quantity.
Syx(w) =0
Proof:

It is known that Power spectral density of a random process X(t) is

2
Suvta) = Jim ST

It is known that the term |X;(w)|? is always positive and expected value of

appositive quantity is always positive. Thus

Sxx(@) =0

2. Power spectral density is an even function
Sxx(—w) = Syx(w)
Proof:

It is known that Power spectral density of a random process X(t) is

2
Suute) = g I

It is known that the term |X;(—w)|? is always equal to | X (w)]|?

N2
Suato) = fim FLTCOL

_ lim E[|1Xr(w)|?]
T 2T

Sxx(—w) = Syx(w)
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3. Power spectral density is always real valued function.

i.e; Imaginary part of Syxy(w) =0

Proof:
It is known that Power spectral density of a random process X(t) is
E[|Xr(w)]?]
= i
Sxx(w) Tl_r)glo T

It is known that the term | X;(w)|? is always positive and real quantity. Thus
Imaginary part of Syx(w) =0

4. Power spectral density of derivative of random process is equal to w? times
power spectral density of random process.

Six(w) = w? Sxx(w)

Proof:
It is known that Power spectral density of a random process X(t) is
_ ElXr(w)]?]
Sxx(@) = lim ——0
T
Xr(w) = F.T[xp(t)] = Jx(t) e J0tqt
-T

T
: d d .
Xr(w) =F.T [ExT(t)] = Jax(t) e /ot
°T

Xr(w) = (jw) Xr(w)
E||Xr(@)]’]
2T

_ E[lw) Xr(w)]?]
et 2T

_ W Tim E[|1Xr(w)|?]
B T—oo 2T

Six(w) = w? Sxx(w)

Six(w) = lim
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5. The power spectral density and time average of auto correlation function

form a Fourier transform pair.

1 ® .
%J Sxx(w) e/“" dw = A[Ryx(t,t + 7)]

Proof:

It is known that Power spectral density of a random process X(t) is

2
S = i EIE
|XT(CU)|2 = Xr(w) XT*(‘U)
T
X, () = j x(t,) e~Jot dt,
“r
T
X (w) = j x(t,) /9% dt,
T

Where t;, t, are dummy variables such that —T < (t;,t;) <T

T T

1 _ _
Sxx(w) = llm T E Jx(tl) e /9t dt, ]x(tz) el 4t

Rearranging order of integration and expectation

Sex(@) = lim = j j [x(ty) x(t)] e7/®h eft: dt, dt,
-T

T T
Sxx(w) = lim j jRXX(tl, t,) e Joti~t) gt dt,
-T -T
Apply inverse Fourier transform

1~ ) 1
ﬁ.’;wsxx(w) e/t dw :ﬁf_ ;,l_l)g ZTf fRXX(tl»tz) e Jo(t1—t2) gjwt dt, dt, dw
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T T
1 * . . 1 1 © ]
gtf_wsxx(w) ¢ dw = lim — f fox(tl, t;) ﬁf_m efe=t) dey dt, dt,
-T -T

8(x) = i j "I da
5(t) 21 §(w)

1
5= 8(t) & 8(w)

T T
1 ” _ 1
%JLOOSXX((‘)) e](l)T d(,() = %l_l;l; ﬁ j j RXX(tll tz) 5(7: + tz — tl) dtl dtZ
-T -T

T T
1 (® ‘ 1
%f_ooSXX(w) e]wT d(,() = ’11‘1_1;1; ﬁ j RXX(tll tz) j5(1’ + tz — tl) dtl dtz
-T o

J6(7+t2—t1)dt1=1

T
1 ® _ . 1

%J_wSXX(w) el dw = %1{){)10 ﬁ j RXX(tl, tz) dt,

_T

Lett; =tandt, =t+7

1 0 T
%J_wSXx(w) el dow = 71"1—r>rolo ﬁ f Ryx(t,t + 1) dt

T

1 T
AlRyy (&t + )] =%i_r)nﬁf Ryy(tt +7) dt
® -T

1 ,
%f Sxx(w) /" dw = A[Rxx(t,t + 7)]

Hence, the inverse Fourier transform of the power density spectrum is the time
average of the process autocorrelation function.
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S (@) = f ARy (8, t + )] e=J9% dr

Which shows that Sy, (w) and A[Ryx(t,t + )] form a Fourier transform pair.
A[Ryx(t, t+1)] © Syx(w)
Note:

If X(t) is at least wide sense stationary,

A[Rxx(t,t +1)] = Ryx(7)

Sxx () ZJ Ryx(1) e /%% dr

1 ® .
Ryx (1) = EJ Syx(w) e/ dw

Ryx(t) o Sxx(w)
The above equations are called Wiener-Khintchine relations.
CROSS POWER SPECTRAL DENSITY
Let x(t) and y(t) denote sample function of a random process . Further consider

x7(t) and y;(t) represent the portion of x(t) and y(t). such that

x(t) —T<t<T
t) =
xr(6) { 0 elsewhere

_(y@) —T<t<T
t) =
yr(6) { 0 elsewhere

In such a case, the energy (cross energy) of portion of sample function is given as

T T
E(T) = f xr (D) yr(©) dt = f x(©) y(8) dt
-T -T

By dividing the above expression by 2T, we obtain the power P(T) of the

truncated (small) portion is
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T T
xr(t) yr(t) dt = 5T
T =T

From the above equation it is observed that

P(T) = x(t) y(t) dt

2T

v" It does not represent the power in an entire sample function.

v" The expression is only the power in sample function and does not represent
entire random process.

Hence to obtain power density spectrum for the random process

v" Let making T arbitrarily large i.e; T — o and

v P(T) is actually a random variable with respect to the random process. By
taking the expected value for P(T), we can obtain an average power Pyy for
the random process.

Pyy = E[P(T)]

T
1
Py = Jim o | Elx(® y©) de
-T
By using Parseval’s theorem
P = _J EX @Y ()]
Xy = oT
Tlim Wis called cross power spectral density.
E[X"(w)Y (w)]
S = i
xy (@) Tl_r){)lo T
T
where Yp(w) = F.T[yr(t)] = fy(t) e Jotdt
-T
T
X (W) =F.T[xp(t)] = fx(t) elotqt
-T
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Properties of power spectral density

1. The cross power spectral density and time average of cross correlation
function form a Fourier transform pair.

1 (* )
%f Syy(w) e?®Tdw = A[Ryy(t,t + 7)]

Proof:

It is known that cross power spectral density between two random processes
X(t) and Y (t) is given as

Sy @) = Jim (az);Y(w)]
T
X, (o) = j x(t;) St dt,
-T
T
Yr(w) = j)’(tz) e J¥tz dt,
-T
Where t;, t, are dummy variables such that —T < (t;,t;) <T
T T
Syy(w) = 11m % E Jx(tl) el@t dt, ]y(tz) e /0t gt
-T -T

Rearranging order of integration and expectation

Sr(@) = lim j j [x(t) y(t)] e/ et dt, dt,

Syy(w) = llrgj ﬁ j jRXy(tl t,) e/@ti=t) gt dt,

Apply inverse Fourier transform

B ; 1
-T
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T T

1 * . . 1 1 © ]

th_wSXY(“’) ¢ dw = lim — f foy(tl, t;) ﬁf_m efottt) dg dt, dt,
-T -T

1 ©
5(t) = — j I de
2w )_

T T
1 ® , 1
Ef_oony(a)) el®T dw = 71"1—r>rolo o7 j jRXY(tlr t,) 6(t+t; —t,) dt; dt,
-1 -T

T T
1 ® _ 1
E'[_OOSXY((U) e]wT d(,() = ’11‘1_1’)1;10 ﬁ J RXY(t1' tz) j 5(7: + tl — tZ) dtl dtz
-T o

j6(r+t1—t2)dt1=1

T
1 r* _ . 1
ﬁj_ooSXY(w) el dw = %1{)?0 oT ] Ryy(ty,t,) dt,
T
Lett; =t,andt, =t+7
T

1~ . 1

—_— _](A)T — i —_—

o J_OOSXY((D) e/t dw %1_r)r01O T j Ryy(t, t + 1) dt
T

1 T
ARy, (t, t+1T)] = %‘iﬁ’oﬁ ] Ryy(t,t + 1) dt
-T

1 (@ :
%J Sxy(w) e/®Tdw = A[Rxy (¢, t + 7)]

Hence, the inverse Fourier transform of the cross power density spectrum is the
time average of the process of cross correlation function.

Sxy(w) = f AlRxy(t, t +1)] e /¥ dt

Which shows that Syy(w) and A[Rxy (t,t + )] form a Fourier transform pair.

AlRxy(t, t +1)] & Syy(w)
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Note:
If X(t) is at least wide sense stationary,

A[Rxy(t,t + 7)] = Rxy(7)

Sxy(w) = f Ryxy(x) e /¥ dt
1 " jwt
Ryy () = % _OOSXY(CU) e dw

Thus for wide sense stationary random processes cross power spectral density and
cross correlation form a Fourier transform pair.

Sxy(w) & Rxy(7)
Syx(@) e Ryx(7)
2. The real part of cross power spectral density is an even function
Re {Sxy(-w)} = Re {Sxy(w)}
Re {Syx(—w)} = Re {Syx(w)}
Proof:

It is known that for wide sense stationary random process
Sxyy(w) & Rxy(7)

0]
Sxy(w) = ] Rxy(7) e /¥ dt
—00
e 19T = coswt — j sinwt

Syy(w) = j Ryy(t) [coswT — j sinwt] dT

Syy (W) :j Ryy(t) coswt dt —j f Ryy (1) sinwt dt
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Re {Syy(w)} = f Ryy (1) coswt dt
Re {Syy(—w)} = f Ryy(t) cos(—wt) dt

Re {Syy(—w)} = JOORXY(T) coswT dt

Re {Sxy(—w)} = Re {Sxy(w)}
3. Imaginary part of cross power spectral density is an odd function
Img {Sxy(w)} = —Img {Sxy(w)}

Img {Syx(w)} = —Img {Syx(—w)}
Proof:

It is known that for wide sense stationary random process

Sxy(w) © Ryy(7)

o 0]
Sxy(w) = J Ryy (1) e 1“7 dr
—Qo0
e 19T = coswt — j sinwt

Syy(w) = ] Ryy(t) [coswT — j sinwt] dT

o0

Syy (w) =j Ryy (1) coswtdt —j f Ryy (1) sinwt

—00

o0

Syy (—w) =j Ryy(t) coswt dt +j f Ryy (1) sinwt

—00

Img {Sxy(w)} = —Img {Sxy(w)}

Img {Syx(w)} = —Img {Syx(—w)}
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4. When X(t) and Y (t) are two uncorrelated constant mean random processes
then their cross power spectral density will be equal to

Syy(w) =2 X Y 6(w)
Proof:

It is known that for wide sense stationary random process
Sxy(w) © Ryy(7)

Sxy(w) = F.T [Rxy(7)]

=J Ryy (1) e 7/9% dr

= j EX@® Y(t+1)]e /T dr
Given X(t) and Y (t) are two uncorrelated constant mean random processes

E[X®Yt+D]=EX®IE[Y(t+D)]=XY
Syy(w) = JOO)? Y e /9T dr

Syy(w)=XY J e 19T dr
Syy(@) =27 X Y 6(w)

5. When two random processes X(t) and Y (t) are orthogonal then their cross

power spectral density is zero.
Proof:
It is known that for wide sense stationary random process
Sxy(w) & Rxy(7)

Sxy(w) =F.T [Rxy(D)]
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=f Ryy (1) e /9% dr

X(t) and Y (t) are orthogonal then Ry, () = 0, then
Sxy (CO) =0
BANDWIDTH OF RANDOM PROCESS:

Whenever it is required to describe a random variable, probability density
function is used as one attribute/ parameter. In this the standard deviation is a
measure of the spread from a given reference value. This reference value can be
(mean) either zero (or) a non-zero value.

The standard deviation indicates how the probabilities vary for a given
random variable. Similar to the standard deviation, the power spectral density also
has a parameter that is a measure of spread (or) distribution of power. This is
called as bandwidth.

Let X(t) be a base band process. For a base band process, the spectral
components are concentrated over the origin. For such a base band process, the
bandwidth can be the second moment upon normalization.

The rms bandwidth of a base band process is given as

, I 0% Sx(w) do
w rms — o0

f_oo Sxx(w) dw

Syy (@)

w11

. TTTT% .

T

CH SIVA RAMA KRISHNA Dept. of ECE, LBRCE Page 14



UNIT-1V STOCHASTIC PROCESSES-SPECTRAL CHARACTERISTICS

Similarly the rms bandwidth can also be defined for band pass processes. For a

band pass process, the spectral/ frequency components are concentrated over some
reference value (or) mean value w,.

The mean frequency of a band pass process is given as

fgo w? Syy(w) dw

U T T S (@) dw
LS ,
MTT TTM ‘ MTT TM

The rms bandwidth of band pass process is

2 _ f(:o (w — @)? Sxx(w) dw
f()oo SXX((U) dw

w rms —
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=

Describe the rms bandwidth of the random processes.

Interpret the properties of cross power spectral density.

3. Interpret the Wiener-Khintchine relation for auto power spectral density and
autocorrelation of a random process.

4. Judge the statement that cross power spectral density and cross correlation
function of random processes X(t) & Y(t) form a Fourier transform pair.

5. Choose relevant expressions to verify the properties of auto power spectral
density.

6. Derive the expression for cross power between X(t) and Y (t) using cross

power spectral density.

A

PROBLEMS
1. If X(t) is WSS process, Develop the power spectrum of Y (t)=A, +B,X (t)in
terms of the power spectrum of X(t), if Ao, Boare real constants.(assume
zero mean)
2. Arandom process W(t) = AX(t)+BY(t), A, B are real constants and X(t),
Y (t) are jointly WSS, then Determine
(i) The power spectrum S, () of W(t).
(if) The power spectrum S, () of W(t) if X(t) & Y(t) are uncorrelated.
3. Demonstrate whether given power spectral densities are valid or not.
2

_ - cos(3w) |o]
()Sxx (w) = 06 L 302 + 3 (i) Sxx (w) = 1+ w2 (i) Sxx (w) = 1+ 20 + w2

4. Calculate the rms bandwidth of a random process whose power spectral
density is given as 0

Tw
syx(w) = Pcos (ﬁ) for|w| <W

=0 lw| > W.
5. The cross power spectral density is given

SXY(w)=a+J\k/)V—w, -W<o<W

0 , Otherwise

where a, b are real constants, then estimate cross correlation function.
6. Calculate the rms bandwidth of a random process whose power spectral
density is given as
syx(w) =Pwfor |w|<W
=0 lw| > W.
7. Evaluate the rms bandwidth of a random process whose power spectral
density is given as
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|
Spr(@) = ll_W] for |lw| <W

0 lw| > W

8. Determine and plot the power density spectrum of random process whose
2

auto correlation function R, (r)z%Cos(a)or).

9. The power spectral density of X(t) is given by

2
Syy(w) = {1 + w® |w| <1
_ _ LU 0 elsewhere
Find out the auto correlation function.

10.Determine and plot the power density spectrum of random process whose
auto correlation function

R ( ) Ao[l ’01 1 T 1

0 OTHETWISE
11.0Obtain the PSD of a WSS random process X(t) whose auto correlation

function is

Ryx(t) =ae™*"

12.0btain auto correlation function for the power spectral density of X(t) is
given by
8

Sxx(w) = m
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1. If X(t) is WSS process, develop the power spectrum of Y(t) = A, +
By, X(t) in terms of the power spectrum of X(t), if Ay, B, are real
constants. (Assume zero mean)

Sol: Given,

X(t) is WSS process
AndY(t) = Ay, + By X(t)
We know that,

Syy(w) = FT[Ryy(7)]

(00]

Syy(w) = JRYY(T)e_ijdT

— 00
Now,

Ryy(®) = E[Y(©Y (¢t + )]
= E[(4o+ By X(£)) (Ao + By X (¢t + 1))]
= E[Ay® + AgBy X(t + T) + AgBy X(t) + By* X ()X (t + 7)]
= E[A®] + AoBo E[X(t + T)] + AgBy E[X(D)] + By® EIX(D)X(t + 1)]
= Ay® + AgBo E[X(t)] + ApBy E[X ()] + By*Ryx (T)[ X(t) is WSS]
= Ay® + AgBy(0) 4+ AyB, (0) + By*Ryx (1) [Assuming zero mean]
“ Ryy(t) = Ag® + By*Ryx(7)

Now,

0

Syy(w) = fRYY(T)e_ijdT

— 00
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= j (A02 + BOZRX)((T)) e_ijdT

[00] [00]

= A,° fe_j“”dT+BO2 JRXX(T)e_ijdT

— 00 — 00

= Ay* §(w) + By*Syx(w)

« Syy = Ag® 8(w) + By’ Sxx(w)

2. A random process W(t) = AX(t) + BY(t),A,B are real constants and
X(t), Y(t) are jointly WSS then, determine
i.  The power spectrum Syw(w) of W(t).
ii. The power spectrum Syw(w) of W) if X() &Y(t) are
Uncorrelated.
Sol: Given,

W(t) = AX(t) + BY(t) and X(t) and Y(t) are jointly WSS.
(i) Power spectrum ofW(t):

We know that,

Sww(w) = FT[Ryw(1)]

o0

Sww(w) = j Ryw(De1®Tdt

— 00

Now,
Rww(t) = E[W(®)W(t + 1)]
= E[(AX(D) + BY(1))(AX(t + 1) + BY(t + 1))]
= E[A2 X(D)X(t+ 1) + ABX()Y(t+ 1) + ABY(O)X(t+ 1) + B2Y(D)Y(t+ 1)]

= A% E[X()X(t+ 1)] + ABE[X()Y(t+ ©)] + ABE[Y()X(t+ ©)] + B2E[Y(D)Y(t+ 1)]
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» Rww (1) = A?Rygx () + AB Ryy (1) + AB Ryx(T) + B2Ryy(T)

Now,

o0

Sww(w) = f Rww(D)e 1@t dt

— 00

= f [A%Ryx (T) + AB Ryy(T) + AB Ryx(T) 4+ B2Ryy(1)] e 79T dt

0

= f A?Ryx(T) e719Tdt + j AB Ryy(T)e 19T dt

— 00
o0

+ j AB Ryx(t)e 1®Tdt + j B2Ryy(T) €717 d1

o0 0

= A? jRXX(T)e_ijdT+AB Jny(T)e_ijdT
+ AB JRYX(T)e_ijdT+ B2 ijy(T) e IOt dt

o Sww((l)) = AZSXx((l)) + AB Sxy(w) + AB SYx((D) + B2 Sw((l))

(ii) Power spectrum of W(t)if X(t) and Y(t) are uncorrelated:
Given, X(t) & Y (t) are uncorrelated
Now,

Rww (1) = E[W®W(t + )]
= E[(AX(D) + BY(1))(AX(t + 1) + BY(t + 1))]

= E[A2 X()X(t+ 1) + ABX()Y(t+ 1) + ABY(©)X(t+ 1) + B2Y®)Y(t+ 1)]
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= A E[X()X(t+ 1)] + ABE[X(D)Y(t+ ©)] + ABE[Y(D)X(t+ )] + B2E[Y®Y(t+ 1)]
= A?Ryx(t) + AB E[X(D)]E[Y(t + T)] + AB E[Y(®)]E[X(t + T)] + B?Ryy (1)
[+ X(t)& Y(t) are uncorrelated]
= A’Ryx(T) + AB E[X(D)]E[Y(t)] + AB E[Y()]E[X(t)] + B2Ryy (1)
[ X(t)& Y(t) are jointly WSS]
= A?Ryx (1) + ABXY + AB XY + B?Ryy (1)
~ Ryww (1) = A?Rygx (1) + 2AB XY + B%Ryy (1)

Now,

o0

Sww(w) = J Rww(De 1@t dt

— 00

o0

— 00

= jAZRXX(T)e_ijdT+ JBZRYY(T) e JoTdr + jZAB XY e @t dr

— 00 — 00

= A? j Ryx(T)e 1@t dt + B2 J Ryy(T) e 7®Tdt + 2AB XY f e 19T dt

— 00 — 00 — 00

~ Sww(®) = A%Syy(w) + B? Syy(w) + 2AB XY 8(w)
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UNIT-1V STOCHASTIC PROCESSES-SPECTRAL CHARACTERISTICS

3. Demonstrate whether given spectral densities are valid or not.

2 cos(3w) |l

1+ w? (iid) Sxx(w) = 1+ 2w + w?

(D) Sxx(w) = (ii) Sxx(w) =

w® +3w2+3

Sol: Conditions to be satisfied to be a valid PSD:

1. PSD is always a real valued function = Sy, (0) = Some real value
2. PSD is an even function = Syy(w) = Syx(—w)

2

. w
(@) Sxx(w) = w® + 3w? +3
Atw = 0,
Syx(0) 0 0 = Real
=V = =
XX 0+0+3 ea
Now,
(—w)?
So(—w) =
xx(0) = e 3w + 3
T wb+3w?2+3

o Syx(—w) = Syx(w) = Satisfies even symmetry

Hence, it’s a valid PSD.

3 cos(3w)
(ii) Sxx(w) = B
Atw =0,
1
SXX(O) = 1—+O =1 = Real
Now,
S (o) = cos(3(—w))
xx 1+ (—w)?
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UNIT-1V STOCHASTIC PROCESSES-SPECTRAL CHARACTERISTICS

B cos(3w)
14 w?

o Syx(—w) = Syx(w) = Satisfies even symmetry

Hence, it’s a valid PSD.

|w]
(i) Sxx(w) = 1+ 2w + w?
Atw =0,
0
SXX(O) = m = 0 = Real
Now,
S () = |- wl
xx 1+ 2(—w) + (—w)?
el
1-2w + w?

o Syx(—w) # Syx(w) = Doesn't satisfy even symmetry

Hence, it’s an invalid PSD.

4. Calculate the rms bandwidth of a random process whose power
spectral density is given as

p Tw <w
S (@) ={ cos (ﬁ) for |w| <
0 for |lw| >W
Sol:Given,
p Tw <w
S (@) ={ cos (ﬁ) for |w| <
0 for |w| >W

We know that,
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UNIT-1V STOCHASTIC PROCESSES-SPECTRAL CHARACTERISTICS

12 ? Sxx(w) de

W rms =

fjooo Sxx(w) dw
Now,
® w
f Syx(w) dw = f P cos (;T;)/) dw
—00 -w
w
=P J cos (;TV(;) dw
-“w
w
[
2w Ly
=2 [sin(5) ~ sin(-3)]
2 a3
=2
r 4PW
. J SXX((U) dw = T
And
o w
j w? Syx(w) dw = J w?. P cos (;;)/) dw
—00 -w
4 Tw
= P fa) cos(ZW)dw
“w
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UNIT-1V STOCHASTIC PROCESSES-SPECTRAL CHARACTERISTICS

w

_p wzsinn(g—w) - f/Za) sin ng—w)
2w W W 2w
[ LN o ]" ]
2 wsin (%) - cwsin (=) -2 |- 2| | G| |
|7z V513 Stt\72 T \2 7\ | |
| (W) w (W) wl
2
=P — (W2 +W?] + 8:2 [Wcos (E) — (=W)cos (— —)]
16W3r mw , T
A () -n(-3)]
4W3  8W? 16W3
=P|—+—0l-—3 [1+1]]
4W3 32W3]
=p - —
T T
_4PW3 8
-1z
. ijSXX(w)dw=4PW3[ —%
Finally,
, S, 0" Sxx(@) dw
s T T (@) dw
4pw3 8
T
4PW
T

8
& wzrms = W? [1 - ?]
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UNIT-1V STOCHASTIC PROCESSES-SPECTRAL CHARACTERISTICS

5. The cross power spectral density is given
+j by W<w<sW
Sxy(w) = {a w o’ =@=

0 , otherwise

where a, b are real constants, then estimate cross correlation function.
Sol: Given,

+jb(1) W < <Ww
Sxy(w) = {a w ' ==

0 , otherwise

We know that,
Rxy(t) = IFT[Sxy(w)]

w
1 ,
Ryy(7) = oy J Sxyy(w)e/“Tdw
“w

w

= Ryy (1) = i j [a +]b_a)] e/ T dw
XY 21 W

-w
T W w
=i ]aej“”da)+ jjb—wej“”dw
w
| -w -w
w W
=—a ]ej“”da) +J—b jwej“”dw
w
| -w -w

1| qeen” bl feler e/t \1"
‘%“[ﬁ ]_W+W[w<ﬁ>_1<(ﬁ>2>]_w

jb [WejWT_i_ejWT < We /Wt e‘jWT>”

lar jwe _ —jwry P
[e e ]+

=2TL’ JjT w

+
jT 72 jT 72
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UNIT-1V STOCHASTIC PROCESSES-SPECTRAL CHARACTERISTICS

1]a jpw . . 1 . .
= —|=2isinw _[_ jwt —-jWrt _(,JWT _ —jWT ]
277[]1( j sin T)-I-W (e’ +e )+T2(e e /W)

jT
o0 _ o—if
2 sinh =
[ sin > ]

= 1[za('W)+b(2 wr) + /b (2j 'W)]
== sinWt . cosWt o2 j sinWt
plf 4+ o—i0
o 9:
[ cos — ]
lra b .
=— [— (sinWt) +—(cosWTt) — > (sth)]
mlt T Wt
~ Ryy(T = asinWrt cosWt We

6. Evaluate the rms bandwidth of a random process whose power spectral
density is given as

[1 —M] for |w|<W
Sxx(w) = w N

0 for |w|>W
Sol:Given,
[1 —M] for |w|<W
Sxx(w) = w N
0 for |w|>W

We know that,

2 2o @ Sxx(@) dw

/) - &)
L Su(@) de

Now,
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UNIT-1V STOCHASTIC PROCESSES-SPECTRAL CHARACTERISTICS

e}

w
Sxx = il dw
f (w)dw f [1 |W|]
-w

— 00

0 o) w
- W
= f[l—v]d(x)+}[1—w]dw
-w 0
0 . 0 w . w
= fl.dw+W Jw.da)+jl.da)—wj w.dw
-w -w 0 0
1 [w?]° 1 [w?]”
= [w]® +—[—] +[a)]W——[—]
Yowlz2f Cowl2],
1
= [0— (=W + 5210 = (~W)2] + W = 0] = - [W? — 0]
B w
_W_7+W_7
=2W -W

2 J Syx(w)dw =W

— 00

And

% w
J w?Syx(w) dw = f w? [1 — %‘ dw
y ;

= fa)z [1—%‘dw+[ w? [1—%]dw
“w 0

0 3 v 3
:jw2+w— dw+f 0? — —| da
w w
w 0
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UNIT-1V STOCHASTIC PROCESSES-SPECTRAL CHARACTERISTICS

0 w
_l/wdw+ fa)da)-kfa)da) jwdw
w31’ 1 [w*]°
-[5], +alsl, + 5] -wle]
:[0_(_2/)3]-'_4;/[ — (W)Y [— —0] 4{1/V[W4—0]
w3 w3 w3 w3
~3 373
w3 w3
ZZT_T]
w3
=2_§]

( w
j w?Syx(w) dw = =

Finally,

fjooo w?Sxx(w) dw
f_oooo Sxx(w) dw

(%)

W rms =
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UNIT-1V STOCHASTIC PROCESSES-SPECTRAL CHARACTERISTICS

7. Determine and plot the power density spectrum of random process
whose auto correlation function is given as

4.2
0
Ryx(7) = N Cos(w,T)

Sol: Given,

4.2
0
Ryx(7) = N cos(woT)

We know that,
Sxx(w) = FT[Ryx(7)]

(00]

Sxx(w) = f Rxx(D)e ¥ dt

[ TA,2 |
= Syx(w) = -[ [% cos(wor)] e 19t dt

— 00

AOZ o ejwor_l_e—ja)or _ ejg _I_e_jg
= J[ > ]e‘f“”dr [ COSQ:T‘
A2l r 3
= % J(ej“’of.e_j“”)dr+ j(e‘j“’of.e_j“”)drl
Vi y
= — Je J@=wo)T g1 4+ fe Jw+wo)T gr
4

(00]

Ay? »
v Syx(w) = e [6(w — wy) + 6(w + wy)] [ 6(w) = f e J“’TdT]

— 00
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UNIT-1V STOCHASTIC PROCESSES-SPECTRAL CHARACTERISTICS

8. Evaluate the power spectrum of X (t), whose autocorrelation is

Al—m —-T<t<T
Ryx(t) = T/’ -

0 , elsewhere
Plot the auto correlation & PSD.

Sol: Given,

0 , elsewhere

We know that,

Sxx(w) = FT[Ryx(7)]

o

Sxx(w) = j Ryx()e /T dz

— 00

=4 _J: (1 - (%)) eIt dr 4 A] (1- %) eI g

0

0 T
T . T .
= — ) e JWT — —)pJjwT
AJ(1+T)e dT+Af(1 T)e dr
; A : . A .
=4 fe‘f“”dr +7 fre‘f“”dr +Afe_1“”dr —7fre_1“’fdr
-T T 0 rd
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UNIT-1V STOCHASTIC PROCESSES-SPECTRAL CHARACTERISTICS

0

. e—jwr]° 1 eloT
i)AJe‘J“’TdT=A , =A|l—+—
—jo |_, —jo  jw

-T

0

A . Al [e7ier)” Jeer)
ii) T fre_]“” dt = T T[ _— ] — ljz“)zl ]
-T =T -T

A eja)T 1 eja)T
-5~ en(5)- ()

4 eja)T+ 1 eja)T
B jo = Tw? Tw?

T

. e—jot)" e JoT 1
iii)AJe‘f“”dT:A[ ] =A[ +—]
0

—Jjw —jo o
0

T

A . Al [e Tt r e JwT r
lv) ?'[ Te /Pl dt = 7[‘[[ —ja) ]0 — []27]0]

0

A . e~ JoT 0 e JoT ( 1 )
T —jw jPw? —w?
e—ja)T e—ij 1
= A|- + -
[ jw T w? Ta)Z]
1 eij eij 1 eij e—ij 1
xx(@) [—jw jw jo = Tw? Tw? jo jw

e—ja)T e—ij 1
- —_ + —
jw Tw? Tw?

4 l 1 eja)T eij 1 eij e—ij 1 e—ij e—ij 1

et —
—jo  jo jo Tw? Tw? jo jo jo Tw? Tw?
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UNIT-1V STOCHASTIC PROCESSES-SPECTRAL CHARACTERISTICS

[ 2 1

_ T T
_A_T +Tw2( eJ0T — g=J® )]
=A [ 2 ]wT_|_ jwT
T Tw? Ta)2 (e € )

42 1 e T)] 5 — e /0 + Jf
= A7 COSW ' COS 5

24
=732 [1 — coswT]

2A ) wT
=77 2 (F)

44 Ty , ,(wT
T Tw? T[Sm (7)]

sl ()
_Sinz (wTZT)

()
(:ZT) 2
(%)

T
v Syx(w) = ATSinc? (T)
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UNIT-1V STOCHASTIC PROCESSES-SPECTRAL CHARACTERISTICS

13. Obtain the PSD of a WSS random process X(t) whose auto

correlation function is

Ryx(t) = ae™?l"

Sol: We know that,

Sxx(w) = FT[Rxx(7)]

(00)

Sxx(w) = JRXX(T)e_ij dt

— 00

—alr|] F.T 2a

~ we know that F.T pair e —
e a? + w?

2ab
b?% + w?

(OR)

Sxx(w) =

o
Syx(w) = jae‘blf| e 19T dr
Zoo
0 o
= Jaebf e‘j“”dr+] ae Pt e=IOT dr
— 0

2ab

Sx(@) = g7y
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UNIT-1V STOCHASTIC PROCESSES-SPECTRAL CHARACTERISTICS

14.0btain auto correlation function for the power spectral density of X(t) is
given by
8

Sxx(w) = @tjo)?
Sol: Given,

8 B 4 % 2
(@ +jw)?  (a+jw)?

Sxx (CU) =
We know that,

Rxy(t) = IFT[Sxy(w)]

w
1 .
Ryy(x) = P j Sxy(w)e!* dw
-w

F.T 2

~ we know that F.T pair u(t) t?> e _—
pair u(®) & Tatjwy

Ryy(t) = 4u(t) t> e
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