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UNIT-IV 

STOCHASTIC PROCESSES-SPECTRAL CHARACTERISTICS 

 

INTRODUCTION: 

In majority of the communication related problems transmission power and 

bandwidth plays a significant role. Describing the characteristics of random 

process is very much needed in the design of communication experiments. 

Autocorrelation function, Cross-Correlation function, and Covariance are 

used to describe the statistical properties of random processes in time domain.  

Similarly frequency domain can also be used to characterize the random 

processes. Power spectral density is the fundamental tool used to calculate the 

average power of random processes.  

Fourier transform is the fundamental tool used to get the frequency 

information of a signal (or) a process. However for any process to have Fourier 

transform must satisfy the “Dirichlet’s conditions”. One’s Fourier transform is 

applied then the average power is area under power spectral density curve.    

POWER SPECTRAL DENSITY 

Let 𝑥(𝑡) be the one sample function of a random process 𝑋(𝑡). Further consider 

𝑥𝑇(𝑡)  represent the portion of  𝑥(𝑡) 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 − 𝑇 < 𝑡 < 𝑇.  

𝑥𝑇(𝑡) = {
𝑥(𝑡)  − 𝑇 < 𝑡 < 𝑇
   0       𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒 

 

The energy contained in the waveform 𝑥𝑇(𝑡) is in the interval (– 𝑇, 𝑇) is  

𝐸(𝑇) = ∫ 𝑥𝑇
2(𝑡)dt 

𝑇

−𝑇

= ∫ 𝑥2(𝑡) dt 

𝑇

−𝑇

 

By dividing the above expression by 2T, we obtain the power 𝑃(𝑇) of the 

truncated (small) portion is 
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𝑃(𝑇) =
1

2𝑇
∫ 𝑥𝑇

2(𝑡) dt =
1

2𝑇
∫ 𝑥2(𝑡) dt 

𝑇

−𝑇

 

𝑇

−𝑇

 

From the above equation it is observed that  

 It does not represent the power in an entire sample function.  

 The expression is only the power in one sample function and does not 

represent entire random process.   

Hence to obtain power density spectrum for the random process 

 Let making T arbitrarily large 𝑖. 𝑒;  𝑇 → ∞ and  

 𝑃(𝑇) is actually a random variable with respect to the random process. By 

taking the expected value for 𝑃(𝑇), we can obtain an average power 𝑃𝑋𝑋 for 

the random process. 

𝑃𝑋𝑋 = 𝐸[𝑃(𝑇)] 

𝑃𝑋𝑋 = lim
𝑇→∞

1

2𝑇
∫ 𝐸[𝑥2(𝑡)] dt 

𝑇

−𝑇

 

𝑃𝑋𝑋 =
1

2𝜋
∫ lim

𝑇→∞

∞

−∞

𝐸[|𝑋𝑇(𝜔)|2] 

2𝑇
𝑑𝜔 

lim
𝑇→∞

 
𝐸[|𝑋𝑇(𝜔)|2] 

2𝑇
𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑝𝑜𝑤𝑒𝑟 𝑠𝑝𝑒𝑐𝑡𝑟𝑎𝑙 𝑑𝑒𝑛𝑠𝑖𝑡𝑦. (𝑃𝑆𝐷)   

𝑆𝑋𝑋(𝜔) = lim
𝑇→∞

 
𝐸[|𝑋𝑇(𝜔)|2] 

2𝑇
 

 

𝑤ℎ𝑒𝑟𝑒   𝑋𝑇(𝜔) = 𝐹. 𝑇[𝑥𝑇(𝑡)] 

                               = ∫ 𝑥(𝑡) 𝑒−𝑗𝜔𝑡𝑑𝑡

𝑇

−𝑇
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Properties of power spectral density 

1. Power spectral density is always a non-negative quantity. 

𝑆𝑋𝑋(𝜔) ≥ 0 

Proof: 

It is known that Power spectral density of a random process X(t) is  

𝑆𝑋𝑋(𝜔) = lim
𝑇→∞

 
𝐸[|𝑋𝑇(𝜔)|2] 

2𝑇
 

It is known that the term |𝑋𝑇(𝜔)|2 is always positive and expected value of 

appositive quantity is always positive. Thus  

𝑆𝑋𝑋(𝜔) ≥ 0 

 

2. Power spectral density is an even function  

𝑆𝑋𝑋(−𝜔) = 𝑆𝑋𝑋(𝜔) 

Proof: 

It is known that Power spectral density of a random process X(t) is  

𝑆𝑋𝑋(𝜔) = lim
𝑇→∞

 
𝐸[|𝑋𝑇(𝜔)|2] 

2𝑇
 

It is known that the term |𝑋𝑇(−𝜔)|2 is always equal to |𝑋𝑇(𝜔)|2 

𝑆𝑋𝑋(−𝜔) = lim
𝑇→∞

 
𝐸[|𝑋𝑇(−𝜔)|2] 

2𝑇
 

= lim
𝑇→∞

 
𝐸[|𝑋𝑇(𝜔)|2] 

2𝑇
 

𝑆𝑋𝑋(−𝜔) = 𝑆𝑋𝑋(𝜔) 
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3. Power spectral density is always real valued function. 

i.e; Imaginary part of 𝑆𝑋𝑋(𝜔) = 0 

Proof: 

It is known that Power spectral density of a random process X(t) is  

𝑆𝑋𝑋(𝜔) = lim
𝑇→∞

 
𝐸[|𝑋𝑇(𝜔)|2] 

2𝑇
 

It is known that the term |𝑋𝑇(𝜔)|2 is always positive and real quantity. Thus 

Imaginary part of 𝑆𝑋𝑋(𝜔) = 0 

4. Power spectral density of derivative of random process is equal to 𝜔2 times 

power spectral density of random process. 

𝑺𝑿̇𝑿̇(𝝎) = 𝝎𝟐 𝑺𝑿𝑿(𝝎) 

 Proof: 

It is known that Power spectral density of a random process X(t) is  

𝑆𝑋𝑋(𝜔) = lim
𝑇→∞

 
𝐸[|𝑋𝑇(𝜔)|2] 

2𝑇
 

𝑋𝑇(𝜔) = 𝐹. 𝑇[𝑥𝑇(𝑡)] = ∫ 𝑥(𝑡) 𝑒−𝑗𝜔𝑡𝑑𝑡

𝑇

−𝑇

 

𝑋̇𝑇(𝜔) = 𝐹. 𝑇 [
𝑑

𝑑𝑡
𝑥𝑇(𝑡)] = ∫

𝑑

𝑑𝑡
𝑥(𝑡) 𝑒−𝑗𝜔𝑡𝑑𝑡

𝑇

−𝑇

 

𝑋̇𝑇(𝜔) = (𝑗𝜔)  𝑋𝑇(𝜔) 

𝑆𝑋̇𝑋̇(𝜔) = lim
𝑇→∞

 
𝐸 [|𝑋̇𝑇(𝜔)|

2
] 

2𝑇
 

= lim
𝑇→∞

 
𝐸[|(𝑗𝜔)  𝑋𝑇(𝜔)|2] 

2𝑇
 

= 𝜔2  lim
𝑇→∞

 
𝐸[|𝑋𝑇(𝜔)|2] 

2𝑇
 

𝑺𝑿̇𝑿̇(𝝎) = 𝝎𝟐 𝑺𝑿𝑿(𝝎) 
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5. The power spectral density and time average of auto correlation function 

form a Fourier transform pair. 

1

2𝜋
∫ 𝑆𝑋𝑋(𝜔) 

∞

−∞

𝑒𝑗𝜔𝜏 𝑑𝜔 = 𝐴[𝑅𝑋𝑋(𝑡, 𝑡 + 𝜏)] 

Proof: 

It is known that Power spectral density of a random process X(t) is  

𝑆𝑋𝑋(𝜔) = lim
𝑇→∞

 
𝐸[|𝑋𝑇(𝜔)|2] 

2𝑇
 

|𝑋𝑇(𝜔)|2 = 𝑋𝑇(𝜔)  𝑋𝑇
∗(𝜔) 

𝑋𝑇(𝜔) = ∫ 𝑥(𝑡1) 𝑒
−𝑗𝜔𝑡1  𝑑𝑡1 

𝑇

−𝑇

 

  𝑋𝑇
∗(𝜔) = ∫ 𝑥(𝑡2) 𝑒

𝑗𝜔𝑡2

𝑇

−𝑇

𝑑𝑡2 

Where 𝑡1, 𝑡2 are dummy variables such that −𝑇 < (𝑡1, 𝑡2) < 𝑇  

𝑆𝑋𝑋(𝜔) = lim
𝑇→∞

  
1

2𝑇
 𝐸 [ ∫ 𝑥(𝑡1) 𝑒

−𝑗𝜔𝑡1  𝑑𝑡1 

𝑇

−𝑇

 ∫ 𝑥(𝑡2) 𝑒
𝑗𝜔𝑡2

𝑇

−𝑇

𝑑𝑡2] 

Rearranging order of integration and expectation  

𝑆𝑋𝑋(𝜔) = lim
𝑇→∞

  
1

2𝑇
 ∫ ∫ 𝐸 [ 𝑥(𝑡1)

𝑇

−𝑇

  𝑥(𝑡2)]  𝑒
−𝑗𝜔𝑡1  𝑒𝑗𝜔𝑡2   𝑑𝑡1 

𝑇

−𝑇

𝑑𝑡2  

𝑆𝑋𝑋(𝜔) = lim
𝑇→∞

  
1

2𝑇
 ∫ ∫ 𝑅𝑋𝑋(𝑡1, 𝑡2)

𝑇

−𝑇

   𝑒−𝑗𝜔(𝑡1−𝑡2)    𝑑𝑡1 

𝑇

−𝑇

𝑑𝑡2  

Apply inverse Fourier transform  

𝟏

𝟐𝝅
∫ 𝑺𝑿𝑿(𝝎) 

∞

−∞

𝒆𝒋𝝎𝝉 𝒅𝝎 =
𝟏

𝟐𝝅
∫  

∞

−∞

𝐥𝐢𝐦
𝑻→∞

  
𝟏

𝟐𝑻
∫ ∫𝑹𝑿𝑿(𝒕𝟏, 𝒕𝟐)

𝑻

−𝑻

   𝒆−𝒋𝝎(𝒕𝟏−𝒕𝟐) 𝒆𝒋𝝎𝝉  𝒅𝒕𝟏 

𝑻

−𝑻

𝒅𝒕𝟐 𝒅𝝎 
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𝟏

𝟐𝝅
∫ 𝑺𝑿𝑿(𝝎) 

∞

−∞

𝒆𝒋𝝎𝝉 𝒅𝝎 = 𝐥𝐢𝐦
𝑻→∞

  
𝟏

𝟐𝑻
 ∫ ∫𝑹𝑿𝑿(𝒕𝟏, 𝒕𝟐)

𝑻

−𝑻

  
𝟏

𝟐𝝅
∫  

∞

−∞

 𝒆𝒋𝝎(𝝉+𝒕𝟐−𝒕𝟏)  𝒅𝝎  𝒅𝒕𝟏 

𝑻

−𝑻

𝒅𝒕𝟐  

𝜹(𝒙) =
𝟏

𝟐𝝅
∫ 𝒆𝒋𝝎𝒙

∞

−∞

  𝒅𝝎   

𝛿(𝑡) ↔ 2𝜋 𝛿(𝜔) 

1

2𝜋
 𝛿(𝑡) ↔  𝛿(𝜔) 

1

2𝜋
∫ 𝑆𝑋𝑋(𝜔) 
∞

−∞

𝑒𝑗𝜔𝜏 𝑑𝜔 = lim
𝑇→∞

  
1

2𝑇
 ∫ ∫ 𝑅𝑋𝑋(𝑡1, 𝑡2)

𝑇

−𝑇

 𝛿(𝜏 + 𝑡2 − 𝑡1) 𝑑𝑡1 

𝑇

−𝑇

𝑑𝑡2 

1

2𝜋
∫ 𝑆𝑋𝑋(𝜔) 

∞

−∞

𝑒𝑗𝜔𝜏 𝑑𝜔 = lim
𝑇→∞

  
1

2𝑇
 ∫  𝑅𝑋𝑋(𝑡1, 𝑡2) ( ∫ 𝛿(𝜏 + 𝑡2 − 𝑡1)

𝑇

−𝑇

𝑑𝑡1) 

𝑇

−𝑇

𝑑𝑡2 

∫ 𝛿(𝜏 + 𝑡2 − 𝑡1)

∞

−∞

𝑑𝑡1 = 1 

1

2𝜋
∫ 𝑆𝑋𝑋(𝜔) 
∞

−∞

𝑒𝑗𝜔𝜏 𝑑𝜔 = lim
𝑇→∞

  
1

2𝑇
 ∫  𝑅𝑋𝑋(𝑡1, 𝑡2) 

𝑇

_𝑇

𝑑𝑡2 

Let 𝑡1 = 𝑡, 𝑎𝑛𝑑 𝑡2 = 𝑡 + 𝜏 

1

2𝜋
∫ 𝑆𝑋𝑋(𝜔) 
∞

−∞

𝑒𝑗𝜔𝜏 𝑑𝜔 = lim
𝑇→∞

  
1

2𝑇
 ∫  𝑅𝑋𝑋(𝑡, 𝑡 + 𝜏) 

𝑇

_𝑇

𝑑𝑡 

       𝐴[𝑅𝑋𝑋(𝑡, 𝑡 + 𝜏)]    = lim
𝑇→∞

1

2𝑇
 ∫ 𝑅𝑋𝑋(𝑡, 𝑡 + 𝜏)

𝑇

−𝑇

 𝑑𝑡 

1

2𝜋
∫ 𝑆𝑋𝑋(𝜔) 
∞

−∞

𝑒𝑗𝜔𝜏 𝑑𝜔 = 𝐴[𝑅𝑋𝑋(𝑡, 𝑡 + 𝜏)] 

Hence, the inverse Fourier transform of the power density spectrum is the time 

average of the process autocorrelation function. 
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𝑆𝑋𝑋(𝜔) = ∫ 𝐴[𝑅𝑋𝑋(𝑡, 𝑡 + 𝜏)] 
∞

−∞

𝑒−𝑗𝜔𝜏 𝑑𝜏 

Which shows that  𝑆𝑋𝑋(𝜔) and 𝐴[𝑅𝑋𝑋(𝑡, 𝑡 + 𝜏)] form a Fourier transform pair. 

𝐴[𝑅𝑋𝑋(𝑡, 𝑡 + 𝜏)]   ↔   𝑆𝑋𝑋(𝜔) 

Note: 

If X(t) is at least wide sense stationary,  

𝐴[𝑅𝑋𝑋(𝑡, 𝑡 + 𝜏)]  = 𝑅𝑋𝑋(𝜏)   

𝑆𝑋𝑋(𝜔) = ∫ 𝑅𝑋𝑋(𝜏) 
∞

−∞

𝑒−𝑗𝜔𝜏 𝑑𝜏 

𝑅𝑋𝑋(𝜏) =
1

2𝜋
∫ 𝑆𝑋𝑋(𝜔) 
∞

−∞

𝑒𝑗𝜔𝜏 𝑑𝜔 

𝑅𝑋𝑋(𝜏)   ↔   𝑆𝑋𝑋(𝜔) 

The above equations are called Wiener-Khintchine relations. 

CROSS POWER SPECTRAL DENSITY 

Let 𝑥(𝑡) 𝑎𝑛𝑑 𝑦(𝑡) denote sample function of a random process . Further consider 

𝑥𝑇(𝑡) 𝑎𝑛𝑑 𝑦𝑇(𝑡) represent the portion of 𝑥(𝑡) 𝑎𝑛𝑑 𝑦(𝑡). such that  

𝑥𝑇(𝑡) = {
𝑥(𝑡)  − 𝑇 < 𝑡 < 𝑇
   0       𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒 

 

𝑦𝑇(𝑡) = {
𝑦(𝑡)  − 𝑇 < 𝑡 < 𝑇
   0       𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒 

 

In such a case, the energy (cross energy) of portion of sample function is given as   

𝐸(𝑇) = ∫ 𝑥𝑇(𝑡) 𝑦𝑇(𝑡) dt 

𝑇

−𝑇

= ∫ 𝑥(𝑡) 𝑦(𝑡) dt 

𝑇

−𝑇

 

By dividing the above expression by 2T, we obtain the power 𝑃(𝑇) of the 

truncated (small) portion is 
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𝑃(𝑇) =
1

2𝑇
∫ 𝑥𝑇(𝑡) 𝑦𝑇(𝑡) dt 

𝑇

−𝑇

=
1

2𝑇
∫ 𝑥(𝑡) 𝑦(𝑡) dt 

𝑇

−𝑇

 

From the above equation it is observed that  

 It does not represent the power in an entire sample function.  

 The expression is only the power in sample function and does not represent 

entire random process.   

Hence to obtain power density spectrum for the random process 

 Let making T arbitrarily large 𝑖. 𝑒;  𝑇 → ∞ and  

 𝑃(𝑇) is actually a random variable with respect to the random process. By 

taking the expected value for 𝑃(𝑇), we can obtain an average power 𝑃𝑋𝑌 for 

the random process. 

𝑃𝑋𝑌 = 𝐸[𝑃(𝑇)] 

𝑃𝑋𝑌 = lim
𝑇→∞

1

2𝑇
∫ 𝐸[𝑥(𝑡) 𝑦(𝑡)] dt 

𝑇

−𝑇

 

By using Parseval’s theorem  

𝑃𝑋𝑌 =
1

2𝜋
∫ lim

𝑇→∞

∞

−∞

𝐸[𝑋∗(𝜔)𝑌(𝜔)] 

2𝑇
𝑑𝜔 

lim
𝑇→∞

 
𝐸[𝑋∗(𝜔)𝑌(𝜔)] 

2𝑇
𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 𝑐𝑟𝑜𝑠𝑠 𝑝𝑜𝑤𝑒𝑟 𝑠𝑝𝑒𝑐𝑡𝑟𝑎𝑙 𝑑𝑒𝑛𝑠𝑖𝑡𝑦.   

𝑆𝑋𝑌(𝜔) = lim
𝑇→∞

 
𝐸[𝑋∗(𝜔)𝑌(𝜔)] 

2𝑇
 

𝑤ℎ𝑒𝑟𝑒   𝑌𝑇(𝜔) = 𝐹. 𝑇[𝑦𝑇(𝑡)] = ∫ 𝑦(𝑡) 𝑒−𝑗𝜔𝑡𝑑𝑡

𝑇

−𝑇

 

                  𝑋𝑇
∗(𝜔) = 𝐹. 𝑇[𝑥𝑇(𝑡)] = ∫ 𝑥(𝑡) 𝑒𝑗𝜔𝑡𝑑𝑡

𝑇

−𝑇
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Properties of power spectral density 

1. The cross power spectral density and time average of cross correlation 

function form a Fourier transform pair. 

1

2𝜋
∫ 𝑆𝑋𝑌(𝜔) 

∞

−∞

𝑒𝑗𝜔𝜏 𝑑𝜔 = 𝐴[𝑅𝑋𝑌(𝑡, 𝑡 + 𝜏)] 

Proof: 

It is known that cross power spectral density between two random processes 

𝑋(𝑡) 𝑎𝑛𝑑 𝑌(𝑡) is given as 

𝑆𝑋𝑌(𝜔) = lim
𝑇→∞

 
𝐸[𝑋∗(𝜔)𝑌(𝜔)] 

2𝑇
 

  𝑋𝑇
∗(𝜔) = ∫ 𝑥(𝑡1) 𝑒

𝑗𝜔𝑡1  𝑑𝑡1 

𝑇

−𝑇

 

  𝑌𝑇(𝜔) = ∫ 𝑦(𝑡2) 𝑒
−𝑗𝜔𝑡2

𝑇

−𝑇

𝑑𝑡2 

Where 𝑡1, 𝑡2 are dummy variables such that −𝑇 < (𝑡1, 𝑡2) < 𝑇  

𝑆𝑋𝑌(𝜔) = lim
𝑇→∞

  
1

2𝑇
 𝐸 [ ∫ 𝑥(𝑡1) 𝑒

𝑗𝜔𝑡1  𝑑𝑡1 

𝑇

−𝑇

 ∫ 𝑦(𝑡2) 𝑒
−𝑗𝜔𝑡2

𝑇

−𝑇

𝑑𝑡2] 

Rearranging order of integration and expectation  

𝑆𝑋𝑌(𝜔) = lim
𝑇→∞

  
1

2𝑇
 ∫ ∫ 𝐸 [ 𝑥(𝑡1)

𝑇

−𝑇

  𝑦(𝑡2)]  𝑒
𝑗𝜔𝑡1   𝑒−𝑗𝜔𝑡2  𝑑𝑡1 

𝑇

−𝑇

𝑑𝑡2  

𝑆𝑋𝑌(𝜔) = lim
𝑇→∞

  
1

2𝑇
 ∫ ∫ 𝑅𝑋𝑌(𝑡1, 𝑡2)

𝑇

−𝑇

   𝑒𝑗𝜔(𝑡1−𝑡2)    𝑑𝑡1 

𝑇

−𝑇

𝑑𝑡2  

Apply inverse Fourier transform  

𝟏

𝟐𝝅
∫ 𝑺𝑿𝒀(𝝎) 

∞

−∞

𝒆𝒋𝝎𝝉 𝒅𝝎 =
𝟏

𝟐𝝅
∫  

∞

−∞

𝐥𝐢𝐦
𝑻→∞

  
𝟏

𝟐𝑻
∫ ∫𝑹𝑿𝒀(𝒕𝟏, 𝒕𝟐)

𝑻

−𝑻

   𝒆𝒋𝝎(𝒕𝟏−𝒕𝟐) 𝒆𝒋𝝎𝝉  𝒅𝒕𝟏 

𝑻

−𝑻

𝒅𝒕𝟐 𝒅𝝎 
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𝟏

𝟐𝝅
∫ 𝑺𝑿𝒀(𝝎) 

∞

−∞

𝒆𝒋𝝎𝝉 𝒅𝝎 = 𝐥𝐢𝐦
𝑻→∞

  
𝟏

𝟐𝑻
 ∫ ∫𝑹𝑿𝒀(𝒕𝟏, 𝒕𝟐)

𝑻

−𝑻

  
𝟏

𝟐𝝅
∫  

∞

−∞

 𝒆𝒋𝝎(𝝉+𝒕𝟏−𝒕𝟐)  𝒅𝝎  𝒅𝒕𝟏 

𝑻

−𝑻

𝒅𝒕𝟐  

𝜹(𝒕) =
𝟏

𝟐𝝅
∫ 𝒆𝒋𝝎𝒙

∞

−∞

  𝒅𝝎   

1

2𝜋
∫ 𝑆𝑋𝑌(𝜔) 
∞

−∞

𝑒𝑗𝜔𝜏 𝑑𝜔 = lim
𝑇→∞

  
1

2𝑇
 ∫ ∫ 𝑅𝑋𝑌(𝑡1, 𝑡2)

𝑇

−𝑇

 𝛿(𝜏 + 𝑡1 − 𝑡2) 𝑑𝑡1 

𝑇

−𝑇

𝑑𝑡2 

1

2𝜋
∫ 𝑆𝑋𝑌(𝜔) 

∞

−∞

𝑒𝑗𝜔𝜏 𝑑𝜔 = lim
𝑇→∞

  
1

2𝑇
 ∫  𝑅𝑋𝑌(𝑡1, 𝑡2) ( ∫ 𝛿(𝜏 + 𝑡1 − 𝑡2)

𝑇

−𝑇

𝑑𝑡1) 

𝑇

−𝑇

𝑑𝑡2 

∫ 𝛿(𝜏 + 𝑡1 − 𝑡2)

∞

−∞

𝑑𝑡1 = 1 

1

2𝜋
∫ 𝑆𝑋𝑌(𝜔) 
∞

−∞

𝑒𝑗𝜔𝜏 𝑑𝜔 = lim
𝑇→∞

  
1

2𝑇
 ∫  𝑅𝑋𝑌(𝑡1, 𝑡2) 

𝑇

_𝑇

𝑑𝑡2 

Let 𝑡1 = 𝑡, 𝑎𝑛𝑑 𝑡2 = 𝑡 + 𝜏 

1

2𝜋
∫ 𝑆𝑋𝑌(𝜔) 
∞

−∞

𝑒𝑗𝜔𝜏 𝑑𝜔 = lim
𝑇→∞

  
1

2𝑇
 ∫  𝑅𝑋𝑌(𝑡, 𝑡 + 𝜏) 

𝑇

_𝑇

𝑑𝑡 

       𝐴[𝑅𝑋𝑌(𝑡, 𝑡 + 𝜏)]    = lim
𝑇→∞

1

2𝑇
 ∫ 𝑅𝑋𝑌(𝑡, 𝑡 + 𝜏)

𝑇

−𝑇

 𝑑𝑡 

1

2𝜋
∫ 𝑆𝑋𝑌(𝜔) 
∞

−∞

𝑒𝑗𝜔𝜏 𝑑𝜔 = 𝐴[𝑅𝑋𝑌(𝑡, 𝑡 + 𝜏)] 

Hence, the inverse Fourier transform of the cross power density spectrum is the 

time average of the process of cross correlation function. 

𝑆𝑋𝑌(𝜔) = ∫ 𝐴[𝑅𝑋𝑌(𝑡, 𝑡 + 𝜏)] 
∞

−∞

𝑒−𝑗𝜔𝜏 𝑑𝜏 

Which shows that  𝑆𝑋𝑌(𝜔) and 𝐴[𝑅𝑋𝑌(𝑡, 𝑡 + 𝜏)] form a Fourier transform pair. 

𝐴[𝑅𝑋𝑌(𝑡, 𝑡 + 𝜏)]   ↔   𝑆𝑋𝑌(𝜔) 
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Note: 

If X(t) is at least wide sense stationary,  

𝐴[𝑅𝑋𝑌(𝑡, 𝑡 + 𝜏)]  = 𝑅𝑋𝑌(𝜏)   

𝑆𝑋𝑌(𝜔) = ∫ 𝑅𝑋𝑌(𝜏) 
∞

−∞

𝑒−𝑗𝜔𝜏 𝑑𝜏 

𝑅𝑋𝑌(𝜏) =
1

2𝜋
∫ 𝑆𝑋𝑌(𝜔) 
∞

−∞

𝑒𝑗𝜔𝜏 𝑑𝜔 

Thus for wide sense stationary random processes cross power spectral density and 

cross correlation form a Fourier transform pair. 

𝑆𝑋𝑌(𝜔)    ↔   𝑅𝑋𝑌(𝜏) 

𝑆𝑌𝑋(𝜔)    ↔   𝑅𝑌𝑋(𝜏) 

2. The real part of cross power spectral density is an even function  

𝑅𝑒 {𝑆𝑋𝑌(−𝜔)} = 𝑅𝑒 {𝑆𝑋𝑌(𝜔)} 

𝑅𝑒 {𝑆𝑌𝑋(−𝜔)} = 𝑅𝑒 {𝑆𝑌𝑋(𝜔)} 

Proof: 

It is known that for wide sense stationary random process 

𝑆𝑋𝑌(𝜔)    ↔   𝑅𝑋𝑌(𝜏) 

𝑆𝑋𝑌(𝜔) = ∫ 𝑅𝑋𝑌(𝜏) 
∞

−∞

𝑒−𝑗𝜔𝜏 𝑑𝜏 

𝑒−𝑗𝜔𝜏 = 𝑐𝑜𝑠𝜔𝜏 − 𝑗 𝑠𝑖𝑛𝜔𝜏 

𝑆𝑋𝑌(𝜔) = ∫ 𝑅𝑋𝑌(𝜏) 
∞

−∞

[𝑐𝑜𝑠𝜔𝜏 − 𝑗 𝑠𝑖𝑛𝜔𝜏] 𝑑𝜏 

𝑆𝑋𝑌(𝜔) = ∫ 𝑅𝑋𝑌(𝜏) 
∞

−∞

𝑐𝑜𝑠𝜔𝜏 𝑑𝜏 − 𝑗 ∫ 𝑅𝑋𝑌(𝜏) 
∞

−∞

𝑠𝑖𝑛𝜔𝜏 𝑑𝜏 
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𝑅𝑒 {𝑆𝑋𝑌(𝜔)} = ∫ 𝑅𝑋𝑌(𝜏) 
∞

−∞

𝑐𝑜𝑠𝜔𝜏 𝑑𝜏  

𝑅𝑒 {𝑆𝑋𝑌(−𝜔)} = ∫ 𝑅𝑋𝑌(𝜏) 
∞

−∞

cos (−𝜔𝜏) 𝑑𝜏  

𝑅𝑒 {𝑆𝑋𝑌(−𝜔)} = ∫ 𝑅𝑋𝑌(𝜏) 
∞

−∞

𝑐𝑜𝑠𝜔𝜏 𝑑𝜏  

𝑅𝑒 {𝑆𝑋𝑌(−𝜔)} = 𝑅𝑒 {𝑆𝑋𝑌(𝜔)} 

3. Imaginary part of cross power spectral density is an odd function  

𝐼𝑚𝑔 {𝑆𝑋𝑌(𝜔)} = −𝐼𝑚𝑔 {𝑆𝑋𝑌(𝜔)} 

𝐼𝑚𝑔 {𝑆𝑌𝑋(𝜔)} = −𝐼𝑚𝑔 {𝑆𝑌𝑋(−𝜔)} 

Proof:  

It is known that for wide sense stationary random process 

𝑆𝑋𝑌(𝜔)    ↔   𝑅𝑋𝑌(𝜏) 

𝑆𝑋𝑌(𝜔) = ∫ 𝑅𝑋𝑌(𝜏) 
∞

−∞

𝑒−𝑗𝜔𝜏 𝑑𝜏 

𝑒−𝑗𝜔𝜏 = 𝑐𝑜𝑠𝜔𝜏 − 𝑗 𝑠𝑖𝑛𝜔𝜏 

𝑆𝑋𝑌(𝜔) = ∫ 𝑅𝑋𝑌(𝜏) 
∞

−∞

[𝑐𝑜𝑠𝜔𝜏 − 𝑗 𝑠𝑖𝑛𝜔𝜏] 𝑑𝜏 

𝑆𝑋𝑌(𝜔) = ∫ 𝑅𝑋𝑌(𝜏) 
∞

−∞

𝑐𝑜𝑠𝜔𝜏 𝑑𝜏 − 𝑗 ∫ 𝑅𝑋𝑌(𝜏) 
∞

−∞

𝑠𝑖𝑛𝜔𝜏 

𝑆𝑋𝑌(−𝜔) = ∫ 𝑅𝑋𝑌(𝜏) 
∞

−∞

𝑐𝑜𝑠𝜔𝜏 𝑑𝜏 + 𝑗 ∫ 𝑅𝑋𝑌(𝜏) 
∞

−∞

𝑠𝑖𝑛𝜔𝜏 

𝐼𝑚𝑔 {𝑆𝑋𝑌(𝜔)} = −𝐼𝑚𝑔 {𝑆𝑋𝑌(𝜔)} 

𝐼𝑚𝑔 {𝑆𝑌𝑋(𝜔)} = −𝐼𝑚𝑔 {𝑆𝑌𝑋(−𝜔)} 
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4. When 𝑋(𝑡) 𝑎𝑛𝑑 𝑌(𝑡) are two uncorrelated constant mean random processes 

then their cross power spectral density will be equal to  

 

𝑆𝑋𝑌(𝜔) = 2𝜋 𝑋̅  𝑌̅ 𝛿(𝜔) 

Proof:  

It is known that for wide sense stationary random process 

𝑆𝑋𝑌(𝜔)    ↔   𝑅𝑋𝑌(𝜏) 

𝑆𝑋𝑌(𝜔)   = 𝐹. 𝑇 [𝑅𝑋𝑌(𝜏)] 

= ∫ 𝑅𝑋𝑌(𝜏) 𝑒
−𝑗𝜔𝜏 𝑑𝜏

∞

−∞

   

= ∫ 𝐸[𝑋(𝑡) 𝑌(𝑡 + 𝜏)] 𝑒−𝑗𝜔𝜏 𝑑𝜏
∞

−∞

 

Given 𝑋(𝑡) 𝑎𝑛𝑑 𝑌(𝑡) are two uncorrelated constant mean random processes 

𝐸[𝑋(𝑡) 𝑌(𝑡 + 𝜏)] = 𝐸[𝑋(𝑡)]𝐸[𝑌(𝑡 + 𝜏)] = 𝑋̅  𝑌̅  

𝑆𝑋𝑌(𝜔) = ∫ 𝑋̅  𝑌̅  𝑒−𝑗𝜔𝜏 𝑑𝜏
∞

−∞

 

𝑆𝑋𝑌(𝜔) = 𝑋̅  𝑌̅  ∫   𝑒−𝑗𝜔𝜏 𝑑𝜏
∞

−∞

 

𝑆𝑋𝑌(𝜔) = 2𝜋 𝑋̅  𝑌̅ 𝛿(𝜔) 

 

5. When two random processes  𝑋(𝑡) 𝑎𝑛𝑑 𝑌(𝑡) are orthogonal then their cross 

power spectral density is zero.  

Proof:  

It is known that for wide sense stationary random process 

𝑆𝑋𝑌(𝜔)    ↔   𝑅𝑋𝑌(𝜏) 

𝑆𝑋𝑌(𝜔)   = 𝐹. 𝑇 [𝑅𝑋𝑌(𝜏)] 
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= ∫ 𝑅𝑋𝑌(𝜏) 𝑒
−𝑗𝜔𝜏 𝑑𝜏

∞

−∞

   

                 𝑋(𝑡) 𝑎𝑛𝑑 𝑌(𝑡) are orthogonal then 𝑅𝑋𝑌(𝜏) = 0, then  

𝑆𝑋𝑌(𝜔)  = 0 

Bandwidth of random process: 

Whenever it is required to describe a random variable, probability density 

function is used as one attribute/ parameter.  In this the standard deviation is a 

measure of the spread from a given reference value. This reference value can be 

(mean) either zero (or) a non-zero value.  

The standard deviation indicates how the probabilities vary for a given 

random variable. Similar to the standard deviation, the power spectral density also 

has a parameter that is a measure of spread (or) distribution of power. This is 

called as bandwidth. 

Let X(t)  be a base band process. For a base band process, the spectral 

components are concentrated over the origin. For such a base band process, the 

bandwidth can be the second moment upon normalization.  

 The rms bandwidth of a base band process is given as  

𝜔2
𝑟𝑚𝑠 =

∫  𝜔2 𝑆𝑋𝑋(𝜔) 𝑑𝜔 
∞

−∞

∫   𝑆𝑋𝑋(𝜔) 𝑑𝜔 
∞

−∞
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Similarly the rms bandwidth can also be defined for band pass processes. For a 

band pass process, the spectral/ frequency components are concentrated over some 

reference value (or) mean value 𝜔0. 

The mean frequency of a band pass process is given as  

𝜔̅0 =
∫  𝜔2 𝑆𝑋𝑋(𝜔) 𝑑𝜔 
∞

0

∫   𝑆𝑋𝑋(𝜔) 𝑑𝜔 
∞

0

 

 

The rms bandwidth of band pass process is 

𝜔2
𝑟𝑚𝑠 =

∫  (𝜔 − 𝜔̅0)
2 𝑆𝑋𝑋(𝜔) 𝑑𝜔 

∞

0

∫   𝑆𝑋𝑋(𝜔) 𝑑𝜔 
∞

0
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1. Describe the rms bandwidth of the random processes. 

2. Interpret the properties of cross power spectral density. 

3. Interpret the Wiener-Khintchine relation for auto power spectral density and 

autocorrelation of a random process. 

4. Judge the statement that cross power spectral density and cross correlation 

function of random processes X(t) & Y(t) form a Fourier transform pair. 

5. Choose relevant expressions to verify the properties of auto power spectral 

density. 

6. Derive the expression for cross power between X(t) and Y(t) using cross 

power spectral density. 

PROBLEMS 

1. If X(t) is WSS process, Develop the power spectrum of )()( 00 tXBAtY  in 

terms of the power spectrum of X(t), if A0, B0 are  real constants.(assume 

zero mean) 

2. A random process W(t) = AX(t)+BY(t), A , B are real constants and X(t), 

Y(t) are jointly WSS, then Determine 

              (i) The power spectrum )(WWS of W(t). 

             (ii) The power spectrum )(WWS of W(t) if X(t) & Y(t) are uncorrelated. 

3. Demonstrate whether given power spectral densities are valid or not. 

(𝑖)𝑆𝑋𝑋(𝜔) =
𝜔2

𝜔6 + 3𝜔2 + 3
 (𝑖𝑖)𝑆𝑋𝑋(𝜔) =

cos(3𝜔)

1 + 𝜔2  (𝑖𝑖𝑖)𝑆𝑋𝑋(𝜔) =
|ω|

1 + 2𝜔 + 𝜔2 

4. Calculate the rms bandwidth of a random process whose power spectral 

density is given as 0 

                                           𝑠𝑋𝑋(𝜔)   = 𝑃𝑐𝑜𝑠 (
𝜋𝜔

2𝑊
)   𝑓𝑜𝑟 |𝜔| ≤ 𝑊 

                                     = 0                  |𝜔| > 𝑊. 

5. The cross power spectral density is given  

Otherwise

WW
W

jb
aS

XY

,0

,)(  



 

where a, b are real constants, then estimate  cross correlation function. 

6. Calculate the rms bandwidth of a random process whose power spectral 

density is given as  

𝑠𝑋𝑋(𝜔)   = 𝑃 𝜔 𝑓𝑜𝑟     |𝜔| ≤ 𝑊 

                                                                    = 0                  |𝜔| > 𝑊. 

7. Evaluate the rms bandwidth of a random process whose power spectral 

density is given as  



UNIT-IV STOCHASTIC PROCESSES-SPECTRAL CHARACTERISTICS 
 

CH SIVA RAMA KRISHNA Dept. of ECE, LBRCE Page 17 
 

𝑠𝑋𝑋(𝜔)   = {
[1 −

|𝜔|

𝑊
] 𝑓𝑜𝑟 |𝜔| < 𝑊

0           |𝜔| > 𝑊

   

                                           
8. Determine and plot the power density spectrum of random process whose 

auto correlation function )(
2

)( 0

2

0  Cos
A

RXX  . 

 

9.  The power spectral density of X(t) is given by  

𝑆𝑋𝑋(𝜔) = {1 + 𝜔2 |𝜔| < 1
0 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒

 

Find out the auto correlation function. 

 

10. Determine and plot the power density spectrum of random process whose 

auto correlation function 

𝑹𝑿𝑿(𝝉)   = {𝑨𝟎 [𝟏 −
|𝝉|

𝑻
] 𝒇𝒐𝒓 − 𝑻 ≤ 𝝉 ≤ 𝑻

 𝟎       𝑶𝑻𝑯𝑬𝑻𝑾𝑰𝑺𝑬

 

11. Obtain the PSD of a WSS random process X(t) whose auto correlation 

function is  

𝑹𝑿𝑿(𝝉)   = 𝒂𝒆−𝒃|𝝉| 

12. Obtain auto correlation function for the power spectral density of X(t) is 

given by  

𝑆𝑋𝑋(𝜔) =
8

(𝛼 + 𝑗𝜔)3 

 

 

 

 

 

 

 

 

 

 

 



UNIT-IV STOCHASTIC PROCESSES-SPECTRAL CHARACTERISTICS 
 

CH SIVA RAMA KRISHNA Dept. of ECE, LBRCE Page 18 
 

1. If 𝑋(𝑡) is WSS process, develop the power spectrum of 𝑌(𝑡) = 𝐴0 +

𝐵0 𝑋(𝑡) in terms of the power spectrum of 𝑋(𝑡), if 𝐴0, 𝐵0 are real 

constants. (𝐴𝑠𝑠𝑢𝑚𝑒 𝑧𝑒𝑟𝑜 𝑚𝑒𝑎𝑛) 

Sol:  Given,  

𝑋(𝑡) is WSS process 

And 𝑌(𝑡) = 𝐴0 + 𝐵0 𝑋(𝑡) 

We know that,  

𝑺𝒀𝒀(𝝎) = 𝑭𝑻[𝑹𝒀𝒀(𝝉)] 

𝑺𝒀𝒀(𝝎) = ∫ 𝑹𝒀𝒀(𝝉)𝒆
−𝒋𝝎𝝉 𝒅𝝉

∞

−∞

 

Now, 

𝑅𝑌𝑌(𝜏) = 𝐸[𝑌(𝑡)𝑌(𝑡 + 𝜏)] 

= 𝐸[(𝐴0 + 𝐵0 𝑋(𝑡))(𝐴0 + 𝐵0 𝑋(𝑡 + 𝜏))] 

= 𝐸[𝐴0
2 + 𝐴0𝐵0 𝑋(𝑡 + 𝜏) + 𝐴0𝐵0 𝑋(𝑡) + 𝐵0

2 𝑋(𝑡)𝑋(𝑡 + 𝜏)] 

= 𝐸[𝐴0
2] + 𝐴0𝐵0 𝐸[𝑋(𝑡 + 𝜏)] + 𝐴0𝐵0 𝐸[𝑋(𝑡)] + 𝐵0

2 𝐸[𝑋(𝑡)𝑋(𝑡 + 𝜏)] 

= 𝐴0
2 + 𝐴0𝐵0 𝐸[𝑋(𝑡)] + 𝐴0𝐵0 𝐸[𝑋(𝑡)] + 𝐵0

2𝑅𝑋𝑋(𝜏)[∵ 𝑋(𝑡) 𝑖𝑠 𝑊𝑆𝑆] 

= 𝐴0
2 + 𝐴0𝐵0(0) + 𝐴0𝐵0 (0) + 𝐵0

2𝑅𝑋𝑋(𝜏)[𝐴𝑠𝑠𝑢𝑚𝑖𝑛𝑔 𝑧𝑒𝑟𝑜 𝑚𝑒𝑎𝑛] 

∴ 𝑅𝑌𝑌(𝜏) = 𝐴0
2 + 𝐵0

2𝑅𝑋𝑋(𝜏) 

       Now, 

                    𝑆𝑌𝑌(𝜔) = ∫ 𝑅𝑌𝑌(𝜏)𝑒
−𝑗𝜔𝜏 𝑑𝜏

∞

−∞
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                                   = ∫ (𝐴0
2 + 𝐵0

2𝑅𝑋𝑋(𝜏)) 𝑒−𝑗𝜔𝜏𝑑𝜏

∞

−∞

 

                                   = 𝐴0
2 ∫ 𝑒−𝑗𝜔𝜏𝑑𝜏 + 𝐵0

2 ∫ 𝑅𝑋𝑋(𝜏)𝑒−𝑗𝜔𝜏

∞

−∞

∞

−∞

𝑑𝜏 

= 𝐴0
2 𝛿(𝜔) + 𝐵0

2𝑆𝑋𝑋(𝜔) 

∴ 𝑺𝒀𝒀 = 𝑨𝟎
𝟐 𝜹(𝝎) + 𝑩𝟎

𝟐𝑺𝑿𝑿(𝝎) 

 

2. A random process W(t) = AX(t) + BY(t), A, B are real constants and 

X(t), Y(t) are jointly WSS then, determine 

i. The power spectrum SWW(ω) of W(t). 
ii. The power spectrum SWW(ω) of W(t) if X(t) & Y(t) are 

Uncorrelated. 

        Sol:  Given, 

W(t) = AX(t) + BY(t)  and  X(t) and Y(t) are jointly WSS. 

(i) Power spectrum ofW(t): 

                      We know that, 

𝐒𝐖𝐖(𝛚) = 𝐅𝐓[𝐑𝐖𝐖(𝛕)] 

𝐒𝐖𝐖(𝛚) = ∫ 𝐑𝐖𝐖(𝛕)ⅇ−𝐣𝛚𝛕 𝐝𝛕

∞

−∞

 

Now, 

RWW(τ) = E[W(t)W(t + τ)] 

= E[(AX(t) + BY(t))(AX(t + τ) + BY(t + τ))] 

 = E[A2 X(t)X(t + τ) + AB X(t)Y(t + τ) + AB Y(t)X(t + τ) +   B2 Y(t)Y(t + τ)] 

  = A2 E[X(t)X(t + τ)] + AB E[X(t)Y(t + τ)] + AB E[Y(t)X(t + τ)] +  B2E[Y(t)Y(t + τ)] 
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∴ RWW(τ) = A2RXX(τ) + AB RXY(τ) + AB RYX(τ) + B2RYY(τ) 

                     Now, 

SWW(ω) = ∫ RWW(τ)e−jωτ dτ

∞

−∞

 

 = ∫[A2RXX(τ) + AB RXY(τ) + AB RYX(τ) + B2RYY(τ)]

∞

−∞

e−jωτ dτ 

  = ∫ A2RXX(τ)

∞

−∞

e−jωτ dτ + ∫ AB RXY(τ)e
−jωτ dτ

∞

−∞

  

+ ∫ AB RYX(τ)e
−jωτ dτ + ∫ B2RYY(τ)

∞

−∞

∞

−∞

e−jωτ dτ 

 = A2 ∫ RXX(τ)e
−jωτ dτ + AB ∫ RXY(τ)e−jωτ dτ   

∞

−∞

∞

−∞

+  AB ∫ RYX(τ)e
−jωτ dτ +

∞

−∞

 B2 ∫ RYY(τ)

∞

−∞

e−jωτ dτ 

 ∴  𝐒𝐖𝐖(𝛚) = 𝐀𝟐𝐒𝐗𝐗(𝛚) + 𝐀𝐁 𝐒𝐗𝐘(𝛚) + 𝐀𝐁 𝐒𝐘𝐗(𝛚) + 𝐁𝟐 𝐒𝐘𝐘(𝛚) 

 

(ii) Power spectrum of W(t)if X(t) and Y(t) are uncorrelated: 

                  Given,  X(t) & 𝑌(t) are uncorrelated 

                   Now, 

RWW(τ) =  E[W(t)W(t + τ)] 

= E[(AX(t) + BY(t))(AX(t + τ) + BY(t + τ))] 

= E[A2 X(t)X(t + τ) + AB X(t)Y(t + τ) + AB Y(t)X(t + τ) +  B2 Y(t)Y(t + τ)] 
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= A2 E[X(t)X(t + τ)] + AB E[X(t)Y(t + τ)] + AB E[Y(t)X(t + τ)] +    B2 E[Y(t)Y(t + τ)] 

 = A2RXX(τ) + AB E[X(t)]E[Y(t + τ)] + AB E[Y(t)]E[X(t + τ)] + B2RYY(τ) 

[∵  X(t)& Y(t) are uncorrelated] 

                        = A2RXX(τ) + AB E[X(t)]E[Y(t)] + AB E[Y(t)]E[X(t)] + B2RYY(τ) 

[∵  X(t)& Y(t) are jointly WSS] 

                                 = A2RXX(τ) + AB X̅Y̅ + AB X̅Y̅ + B2RYY(τ) 

             ∴ RWW(τ) = A2RXX(τ) + 2AB X̅Y̅ + B2RYY(τ) 

            Now, 

                SWW(ω) = ∫ RWW(τ)e−jωτ dτ

∞

−∞

 

                                 = ∫[A2RXX(τ) + 2AB X̅Y̅ + B2RYY(τ)]e−jωτ dτ

∞

−∞

 

  = ∫ A2RXX(τ)e−jωτ dτ

∞

−∞

+ ∫ B2RYY(τ)

∞

−∞

e−jωτ dτ + ∫ 2AB X̅Y̅

∞

−∞

e−jωτ dτ 

  = A2 ∫ RXX(τ)e−jωτ dτ

∞

−∞

+ B2 ∫ RYY(τ)

∞

−∞

e−jωτ dτ + 2AB X̅Y̅ ∫ e−jωτ dτ

∞

−∞

 

        ∴  𝐒𝐖𝐖(𝛚) = 𝐀𝟐𝐒𝐗𝐗(𝛚) + 𝐁𝟐 𝐒𝐘𝐘(𝛚) + 𝟐𝐀𝐁 𝐗̅𝐘 ̅𝛅(𝛚) 
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3. Demonstrate whether given spectral densities are valid or not. 

 (𝒊) 𝑺𝑿𝑿(𝝎) =
𝝎𝟐

𝝎𝟔 + 𝟑𝝎𝟐 + 𝟑
       (𝒊𝒊) 𝑺𝑿𝑿(𝝎) =

𝒄𝒐𝒔(𝟑𝝎)

𝟏 + 𝝎𝟐
       (𝒊𝒊𝒊) 𝑺𝑿𝑿(𝝎) =

|𝝎|

𝟏 + 𝟐𝝎 + 𝝎𝟐
 

       Sol:  Conditions to be satisfied to be a valid PSD: 

 

 

                 (𝑖) 𝑆𝑋𝑋(𝜔) =
𝜔2

𝜔6 + 3𝜔2 + 3
 

                    At 𝜔 = 0,  

𝑆𝑋𝑋(0) =
0

0 + 0 + 3
= 0 ⇒ 𝑅𝑒𝑎𝑙 

                    Now, 

                             𝑆𝑋𝑋(−𝜔) =
(−𝜔)2

(−𝜔)6 + 3(−𝜔)2 + 3
 

                                                =
𝜔2

𝜔6 + 3𝜔2 + 3
 

                          ∴ 𝑆𝑋𝑋(−𝜔) = 𝑆𝑋𝑋(𝜔) ⇒ 𝑆𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑒𝜈𝑒𝑛 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑦 

                      Hence, it’s a valid PSD. 

                  (𝑖𝑖) 𝑆𝑋𝑋(𝜔) =
𝑐𝑜𝑠(3𝜔)

1 + 𝜔2  

                      At 𝜔 = 0, 

                                   𝑆𝑋𝑋(0) =
1

1 + 0
= 1 ⇒ 𝑅𝑒𝑎𝑙 

                      Now, 

                              𝑆𝑋𝑋(−𝜔) =
𝑐𝑜𝑠(3(−𝜔))

1 + (−𝜔)2
 

1. PSD is always a real valued function ⇒  𝑆𝑋𝑋(0) = Some real value 

2. PSD is an even function ⇒ 𝑆𝑋𝑋(𝜔) = 𝑆𝑋𝑋(−𝜔) 
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                                                 =
𝑐𝑜𝑠(3𝜔)

1 + 𝜔2  

                           ∴ 𝑆𝑋𝑋(−𝜔) = 𝑆𝑋𝑋(𝜔) ⇒ 𝑆𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑒𝜈𝑒𝑛 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑦 

Hence, it’s a valid PSD. 

                 (𝑖𝑖𝑖) 𝑆𝑋𝑋(𝜔) =
|𝜔|

1 + 2𝜔 + 𝜔2 

                      At 𝜔 = 0, 

                                   𝑆𝑋𝑋(0) =
0

1 + 0 + 0
= 0 ⇒ 𝑅𝑒𝑎𝑙 

                      Now, 

                             𝑆𝑋𝑋(−𝜔) =
|−𝜔|

1 + 2(−𝜔) + (−𝜔)2 

                                                =
|𝜔|

1 − 2𝜔 + 𝜔2 

                         ∴ 𝑆𝑋𝑋(−𝜔) ≠ 𝑆𝑋𝑋(𝜔) ⇒ 𝐷𝑜𝑒𝑠𝑛′𝑡 𝑠𝑎𝑡𝑖𝑠𝑓𝑦 𝑒𝜈𝑒𝑛 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑦 

                     Hence, it’s an invalid PSD. 

 

4. Calculate the rms bandwidth of a random process whose power 
spectral density is given as    

𝑆𝑋𝑋(𝜔) = {
𝑃 𝑐𝑜𝑠 (

𝜋𝜔

2𝑊
)  𝑓𝑜𝑟  |𝜔| ≤ 𝑊

       0               𝑓𝑜𝑟  |𝜔| > 𝑊
 

Sol:Given,  

𝑆𝑋𝑋(𝜔) = {
𝑃 𝑐𝑜𝑠 (

𝜋𝜔

2𝑊
)  𝑓𝑜𝑟  |𝜔| ≤ 𝑊

       0               𝑓𝑜𝑟  |𝜔| > 𝑊
 

               We know that,  
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𝝎𝟐
𝒓𝒎𝒔 =

∫ 𝝎𝟐 𝑺𝑿𝑿(𝝎) 𝒅𝝎
∞

−∞

∫ 𝑺𝑿𝑿(𝝎) 𝒅𝝎
∞

−∞

 

Now, 

∫ 𝑆𝑋𝑋(𝜔) 𝑑𝜔

∞

−∞

= ∫ 𝑃 𝑐𝑜𝑠 (
𝜋𝜔

2𝑊
)𝑑𝜔

𝑊

−𝑊

 

                                                      = 𝑃 ∫  𝑐𝑜𝑠 (
𝜋𝜔

2𝑊
)𝑑𝜔

𝑊

−𝑊

 

                                                       = 𝑃 [
𝑠𝑖𝑛 (

𝜋𝜔
2𝑊

)

𝜋
2𝑊

]

−𝑊

𝑊

 

                                                       =
2𝑊𝑃

𝜋
[𝑠𝑖𝑛 (

𝜋

2
) − 𝑠𝑖𝑛 (−

𝜋

2
)] 

                                                       =
2𝑃𝑊

𝜋
[2𝑠𝑖𝑛 (

𝜋

2
)] 

                                                       =
2𝑃𝑊

𝜋
[2(1)] 

                       ∴ ∫ 𝑆𝑋𝑋(𝜔) 𝑑𝜔

∞

−∞

=
4𝑃𝑊

𝜋
 

 And 

∫ 𝜔2 𝑆𝑋𝑋(𝜔) 𝑑𝜔

∞

−∞

= ∫ 𝜔2.

𝑊

−𝑊

𝑃 𝑐𝑜𝑠 (
𝜋𝜔

2𝑊
)𝑑𝜔 

 =  𝑃 ∫ 𝜔2𝑐𝑜𝑠 (
𝜋𝜔

2𝑊
)𝑑𝜔

𝑊

−𝑊
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    = 𝑃 [[
𝜔2𝑠𝑖𝑛 (

𝜋𝜔
2𝑊

)

𝜋
2𝑊

]

−𝑊

𝑊

− ∫ 2𝜔 (
𝑠𝑖𝑛 (

𝜋𝜔
2𝑊

)

𝜋
2𝑊

)

𝑊

−𝑊

] 

 =

[
 
 
 𝟐𝑾

𝝅
[𝑾𝟐𝒔𝒊𝒏(

𝝅

𝟐
) − (−𝑾)𝟐𝒔𝒊𝒏 (−

𝝅

𝟐
)] − 𝟐 [−

𝝎𝒄𝒐𝒔 (
𝝅𝝎
𝟐𝑾)

(
𝝅

𝟐𝑾)
𝟐

]

−𝑾

𝑾

+ 𝟐 [−
𝒔𝒊𝒏(

𝝅𝝎
𝟐𝑾)

(
𝝅

𝟐𝑾)
𝟑

]

−𝑾

𝑾

]
 
 
 

 

           = 𝑃 [
2𝑊

𝜋
[𝑊2 + 𝑊2] +

8𝑊2

𝜋2 [𝑊𝑐𝑜𝑠 (
𝜋

2
) − (−𝑊)𝑐𝑜𝑠 (−

𝜋

2
)]

−
16𝑊3

𝜋3 [𝑠𝑖𝑛 (
𝜋

2
) − 𝑠𝑖𝑛 (−

𝜋

2
)]] 

           = 𝑃 [
4𝑊3

𝜋
+

8𝑊2

𝜋2
[0] −

16𝑊3

𝜋3
[1 + 1]] 

           = 𝑃 [
4𝑊3

𝜋
−

32𝑊3

𝜋3 ] 

           =
4𝑃𝑊3

𝜋
[1 −

8

𝜋2] 

     ∴ ∫ 𝜔2𝑆𝑋𝑋(𝜔) 𝑑𝜔 =
4𝑃𝑊3

𝜋
[1 −

8

𝜋2]

∞

−∞

 

Finally, 

𝜔2
𝑟𝑚𝑠 =

∫ 𝜔2𝑆𝑋𝑋(𝜔) 𝑑𝜔
∞

−∞

∫ 𝑆𝑋𝑋(𝜔) 𝑑𝜔
∞

−∞

 

   =

4𝑃𝑊3

𝜋
[1 −

8
𝜋2]

4𝑃𝑊
𝜋

 

∴  𝝎𝟐
𝒓𝒎𝒔 = 𝑾𝟐 [𝟏 −

𝟖

𝝅𝟐
] 
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5. The cross power spectral density is given  

𝑆𝑋𝑌(𝜔) = {𝑎 +
𝑗𝑏𝜔

𝑊
  , −𝑊 ≤ 𝜔 ≤ 𝑊 

         0    ,       𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

where 𝑎, 𝑏 are real constants, then estimate cross correlation function. 
       Sol:  Given, 

𝑆𝑋𝑌(𝜔) = {𝑎 +
𝑗𝑏𝜔

𝑊
  , −𝑊 ≤ 𝜔 ≤ 𝑊 

         0    ,       𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 

We know that,  

              𝑹𝑿𝒀(𝝉) =  𝑰𝑭𝑻[𝑺𝑿𝒀(𝝎)] 

𝑹𝑿𝒀(𝝉) =
𝟏

𝟐𝝅
∫ 𝑺𝑿𝒀(𝝎)𝒆𝒋𝝎𝝉

𝑾

−𝑾

𝒅𝝎 

                                       ⇒ 𝑅𝑋𝑌(𝜏) =
1

2𝜋
∫ [𝑎 +

𝑗𝑏𝜔

𝑊
]

𝑊

−𝑊

𝑒𝑗𝜔𝜏𝑑𝜔 

                                                          =
1

2𝜋
[ ∫ 𝑎𝑒𝑗𝜔𝜏𝑑𝜔 + ∫

𝑗𝑏𝜔

𝑊

𝑊

−𝑊

𝑊

−𝑊

𝑒𝑗𝜔𝜏𝑑𝜔] 

                                                          =
1

2𝜋
[𝑎 ∫ 𝑒𝑗𝜔𝜏𝑑𝜔 +

𝑊

−𝑊

𝑗𝑏

𝑊
∫ 𝜔𝑒𝑗𝜔𝜏𝑑𝜔

𝑊

−𝑊

] 

                                                          

=
1

2𝜋
[𝑎 [

𝑒𝑗𝜔𝜏

𝑗𝜏
]
−𝑊

𝑊

+
𝑗𝑏

𝑊
[𝜔 (

𝑒𝑗𝜔𝜏

𝑗𝜏
) − 1(

𝑒𝑗𝜔𝜏

(𝑗𝜏)2
)]

−𝑊

𝑊

] 

  =
1

2𝜋
[
𝑎

𝑗𝜏
[𝑒𝑗𝑊𝜏 − 𝑒−𝑗𝑊𝜏] +

𝑗𝑏

𝑊
[
𝑊𝑒𝑗𝑊𝜏

𝑗𝜏
+

𝑒𝑗𝑊𝜏

𝜏2 − (−
𝑊𝑒−𝑗𝑊𝜏

𝑗𝜏
+

𝑒−𝑗𝑊𝜏

𝜏2 )]] 
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 =
1

2𝜋
[
𝑎

𝑗𝜏
(2𝑗 𝑠𝑖𝑛𝑊𝜏) +

𝑗𝑏

𝑊
[
𝑊

𝑗𝜏
(𝑒𝑗𝑊𝜏 + 𝑒−𝑗𝑊𝜏) +

1

𝜏2
(𝑒𝑗𝑊𝜏 − 𝑒−𝑗𝑊𝜏)]] 

[∵  𝑠𝑖𝑛𝜃 =
𝑒𝑖𝜃 − 𝑒−𝑖𝜃

2𝑖
] 

=
1

2𝜋
[
2𝑎 

𝜏
(𝑠𝑖𝑛𝑊𝜏) +

𝑏

𝜏
(2 𝑐𝑜𝑠𝑊𝜏) +

𝑗𝑏

𝑊𝜏2
(2𝑗 𝑠𝑖𝑛𝑊𝜏)] 

[∵  𝑐𝑜𝑠𝜃 =
𝑒𝑖𝜃 + 𝑒−𝑖𝜃

2
] 

 =
1

𝜋
[
𝑎 

𝜏
(𝑠𝑖𝑛𝑊𝜏) +

𝑏

𝜏
(𝑐𝑜𝑠𝑊𝜏) −

𝑏

𝑊𝜏2
(𝑠𝑖𝑛𝑊𝜏)] 

∴  𝑹𝑿𝒀(𝝉) =
𝟏

𝝅𝝉
[𝒂 𝒔𝒊𝒏𝑾𝝉 + 𝒃 𝒄𝒐𝒔𝑾𝝉 −

𝒃 𝒔𝒊𝒏𝑾𝝉

𝑾𝝉
] 

 

6. Evaluate the rms bandwidth of a random process whose power spectral 

density is given as 

                          𝑆𝑋𝑋(𝜔) = {
[1 −

|𝜔|

𝑊
]   𝑓𝑜𝑟   |𝜔| ≤ 𝑊

      0            𝑓𝑜𝑟     |𝜔| > 𝑊 

 

Sol:Given, 

                              𝑆𝑋𝑋(𝜔) = {
[1 −

|𝜔|

𝑊
]   𝑓𝑜𝑟   |𝜔| ≤ 𝑊

      0            𝑓𝑜𝑟     |𝜔| > 𝑊 

 

              We know that, 

𝝎𝟐
𝒓𝒎𝒔 =

∫ 𝝎𝟐 𝑺𝑿𝑿(𝝎) 𝒅𝝎
∞

−∞

∫ 𝑺𝑿𝑿(𝝎) 𝒅𝝎
∞

−∞

 

Now, 
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∫ 𝑆𝑋𝑋(𝜔) 𝑑𝜔

∞

−∞

= ∫ [1 −
|𝜔|

𝑊
]

𝑊

−𝑊

𝑑𝜔 

  = ∫ [1 −
(−𝜔)

𝑊
]

0

−𝑊

𝑑𝜔 + ∫ [1 −
𝜔

𝑊
]

𝑊

0

𝑑𝜔 

= ∫ 1. 𝑑𝜔 +
1

𝑊

0

−𝑊

∫ 𝜔.

0

−𝑊

𝑑𝜔 + ∫ 1. 𝑑𝜔

𝑊

0

−
1

𝑊
∫ 𝜔. 𝑑𝜔

𝑊

0

 

 = [𝜔]−𝑊
0 +

1

𝑊
[
𝜔2

2
]
−𝑊

0

+ [𝜔]0
𝑊 −

1

𝑊
[
𝜔2

2
]
0

𝑊

 

                                                           

= [0 − (−𝑊)] +
1

2𝑊
[0 − (−𝑊)2] + [𝑊 − 0] −

1

2𝑊
[𝑊2 − 0] 

                                                           = 𝑊 −
𝑊

2
+ 𝑊 −

𝑊

2
 

                                                           = 2𝑊 − 𝑊 

                           ∴ ∫ 𝑆𝑋𝑋(𝜔) 𝑑𝜔

∞

−∞

= 𝑊 

               And 

∫ 𝜔2𝑆𝑋𝑋(𝜔) 𝑑𝜔

∞

−∞

= ∫ 𝜔2 [1 −
|𝜔|

𝑊
]

𝑊

−𝑊

𝑑𝜔 

 = ∫ 𝜔2 [1 −
(−𝜔)

𝑊
]

0

−𝑊

𝑑𝜔 + ∫ 𝜔2 [1 −
𝜔

𝑊
]

𝑊

0

𝑑𝜔 

 = ∫ [𝜔2 +
𝜔3

𝑊
]

0

−𝑊

𝑑𝜔 + ∫ [𝜔2 −
𝜔3

𝑊
]

𝑊

0

𝑑𝜔 
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= ∫ 𝜔2. 𝑑𝜔 +
1

𝑊

0

−𝑊

∫ 𝜔3.

0

−𝑊

𝑑𝜔 + ∫ 𝜔2. 𝑑𝜔

𝑊

0

−
1

𝑊
∫ 𝜔3. 𝑑𝜔

𝑊

0

 

  = [
𝜔3

3
]
−𝑊

0

+
1

𝑊
[
𝜔4

4
]
−𝑊

0

+ [
𝜔3

3
]
0

𝑊

−
1

𝑊
[
𝜔4

4
]
0

𝑊

 

                                                            

= [0 −
(−𝑊)3

3
] +

1

4𝑊
[0 − (−𝑊)4] + [

𝑊

3

3

− 0] −
1

4𝑊
[𝑊4 − 0] 

                                                            =
𝑊3

3
−

𝑊3

4
+

𝑊3

3
−

𝑊3

4
 

                                                            = 2 [
𝑊3

3
−

𝑊3

4
] 

                                                            = 2 [
𝑊3

12
] 

                     ∴ ∫ 𝜔2𝑆𝑋𝑋(𝜔) 𝑑𝜔

∞

−∞

=
𝑊3

6
 

Finally, 

𝜔2
𝑟𝑚𝑠 =

∫ 𝜔2𝑆𝑋𝑋(𝜔) 𝑑𝜔
∞

−∞

∫ 𝑆𝑋𝑋(𝜔) 𝑑𝜔
∞

−∞

 

  =
(
𝑊3

6
)

𝑊
 

∴  𝝎𝟐
𝒓𝒎𝒔 =

𝑾𝟐

𝟔
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7. Determine and plot the power density spectrum of random process 

whose auto correlation function is given as 

𝑅𝑋𝑋(𝜏) =
𝐴0

2

2
 𝐶𝑜𝑠(𝜔0𝜏) 

      Sol:   Given,  

                  𝑅𝑋𝑋(𝜏) =
𝐴0

2

2
 𝑐𝑜𝑠(𝜔0𝜏) 

  We know that, 

𝑺𝑿𝑿(𝝎) = 𝑭𝑻[𝑹𝑿𝑿(𝝉)] 

𝑺𝑿𝑿(𝝎) = ∫ 𝑹𝑿𝑿(𝝉)𝑒−𝒋𝝎𝝉

∞

−∞

𝒅𝝉 

    ⇒ 𝑆𝑋𝑋(𝜔) = ∫ [
𝐴0

2

2
 𝑐𝑜𝑠(𝜔0𝜏)] 𝑒−𝑗𝜔𝜏

∞

−∞

𝑑𝜏 

                                                                 

=
𝐴0

2

2
∫ [

𝑒𝑗𝜔0𝜏 + 𝑒−𝑗𝜔0𝜏

2
]

∞

−∞

𝑒−𝑗𝜔𝜏𝑑𝜏 [∵  𝑐𝑜𝑠𝜃 =
𝑒𝑗𝜃 + 𝑒−𝑗𝜃

2
] 

  =
𝐴0

2

4
[ ∫(𝑒𝑗𝜔0𝜏. 𝑒−𝑗𝜔𝜏)𝑑𝜏 + ∫(𝑒−𝑗𝜔0𝜏. 𝑒−𝑗𝜔𝜏)𝑑𝜏

∞

−∞

∞

−∞

] 

=
𝐴0

2

4
[ ∫ 𝑒−𝑗(𝜔−𝜔0)𝜏

∞

−∞

𝑑𝜏 + ∫ 𝑒−𝑗(𝜔+𝜔0)𝜏𝑑𝜏

∞

−∞

] 

 ∴  𝑺𝑿𝑿(𝝎) =
𝑨𝟎

𝟐

𝟒
[𝜹(𝝎 − 𝝎𝟎) + 𝜹(𝝎 + 𝝎𝟎)] [∵  𝛿(𝜔) = ∫ 𝑒−𝑗𝜔𝜏𝑑𝜏

∞

−∞

] 
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8. Evaluate the power spectrum of 𝑋(𝑡), whose autocorrelation is  

𝑅𝑋𝑋(𝜏) = {
𝐴 [1 − (

|𝜏|

𝑇
)] , −𝑇 ≤ 𝑡 ≤ 𝑇

        0             , 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒

 

Plot the auto correlation & PSD. 

Sol: Given, 

             𝑅𝑋𝑋(𝜏) = {
𝐴 [1 − (

|𝜏|

𝑇
)] , −𝑇 ≤ 𝑡 ≤ 𝑇

        0             , 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒

 

We know that, 

𝑺𝑿𝑿(𝝎) = 𝑭𝑻[𝑹𝑿𝑿(𝝉)] 

𝑺𝑿𝑿(𝝎) = ∫ 𝑹𝑿𝑿(𝝉)𝒆−𝒋𝝎𝝉

∞

−∞

𝒅𝝉 

= ∫ 𝐴 [1 − (
|𝜏|

𝑇
)]

𝑇

−𝑇

𝑒−𝑗𝜔𝜏 𝑑𝜏 

                            = 𝐴 ∫(1 − (
−𝜏

𝑇
))

0

−𝑇

𝑒−𝑗𝜔𝜏 𝑑𝜏 + 𝐴 ∫ (1 −
𝜏

𝑇
) 𝑒−𝑗𝜔𝜏 𝑑𝜏

𝑇

0

 

= 𝐴 ∫(1 +
𝜏

𝑇
)

0

−𝑇

𝑒−𝑗𝜔𝜏 𝑑𝜏 + 𝐴 ∫ (1 −
𝜏

𝑇
) 𝑒−𝑗𝜔𝜏 𝑑𝜏

𝑇

0

 

 = 𝐴 ∫𝑒−𝑗𝜔𝜏 𝑑𝜏

0

−𝑇

 +
𝐴

𝑇
∫𝜏𝑒−𝑗𝜔𝜏 𝑑𝜏

0

−𝑇

 + 𝐴 ∫ 𝑒−𝑗𝜔𝜏 𝑑𝜏  −
𝐴

𝑇
∫ 𝜏𝑒−𝑗𝜔𝜏 𝑑𝜏

𝑇

0

𝑇

0
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𝑖) 𝐴 ∫𝑒−𝑗𝜔𝜏 𝑑𝜏

0

−𝑇

= 𝐴 [
𝑒−𝑗𝜔𝜏

−𝑗𝜔
]
−𝑇

0

= 𝐴 [
1

−𝑗𝜔
+

𝑒𝑗𝜔𝑇

𝑗𝜔
] 

𝑖𝑖) 
𝐴

𝑇
∫𝜏𝑒−𝑗𝜔𝜏 𝑑𝜏

0

−𝑇

=
𝐴

𝑇
[𝜏 [

𝑒−𝑗𝜔𝜏

−𝑗𝜔
]
−𝑇

0

− [
𝑒−𝑗𝜔𝜏

𝑗2𝜔2
]
−𝑇

0

] 

 =
𝐴

𝑇
[0 − (−𝑇) (

𝑒𝑗𝜔𝑇

−𝑗𝜔
) − (

1

−𝜔2 −
𝑒𝑗𝜔𝑇

𝑗2𝜔2)] 

= 𝐴 [−
𝑒𝑗𝜔𝑇

𝑗𝜔
+

1

𝑇𝜔2 −
𝑒𝑗𝜔𝑇

𝑇𝜔2] 

𝑖𝑖𝑖) 𝐴 ∫ 𝑒−𝑗𝜔𝜏 𝑑𝜏 =

𝑇

0

𝐴 [
𝑒−𝑗𝜔𝜏

−𝑗𝜔
]
0

𝑇

= 𝐴 [
𝑒−𝑗𝜔𝑇

−𝑗𝜔
+

1

𝑗𝜔
] 

𝑖𝑣) 
𝐴

𝑇
∫ 𝜏𝑒−𝑗𝜔𝜏 𝑑𝜏

𝑇

0

=
𝐴

𝑇
[𝜏 [

𝑒−𝑗𝜔𝜏

−𝑗𝜔
]
0

𝑇

− [
𝑒−𝑗𝜔𝜏

𝑗2𝜔2 ]
0

𝑇

] 

  =
𝐴

𝑇
[𝑇 (

𝑒−𝑗𝜔𝑇

−𝑗𝜔
) − 0 − (

𝑒−𝑗𝜔𝑇

𝑗2𝜔2 − (
1

−𝜔2))] 

= 𝐴 [−
𝑒−𝑗𝜔𝑇

𝑗𝜔
+

𝑒−𝑗𝜔𝑇

𝑇𝜔2 −
1

𝑇𝜔2] 

∴ 𝑆𝑋𝑋(𝜔) = 𝐴 [
1

−𝑗𝜔
+

𝑒𝑗𝜔𝑇

𝑗𝜔
−

𝑒𝑗𝜔𝑇

𝑗𝜔
+

1

𝑇𝜔2
−

𝑒𝑗𝜔𝑇

𝑇𝜔2
−

𝑒−𝑗𝜔𝑇

𝑗𝜔
+

1

𝑗𝜔

− (−
𝑒−𝑗𝜔𝑇

𝑗𝜔
+

𝑒−𝑗𝜔𝑇

𝑇𝜔2 −
1

𝑇𝜔2)] 

= 𝑨[
𝟏

−𝒋𝝎
+

𝒆𝒋𝝎𝑻

𝒋𝝎
−

𝒆𝒋𝝎𝑻

𝒋𝝎
+

𝟏

𝑻𝝎𝟐
−

𝒆𝒋𝝎𝑻

𝑻𝝎𝟐
−

𝒆−𝒋𝝎𝑻

𝒋𝝎
+

𝟏

𝒋𝝎
+

𝒆−𝒋𝝎𝑻

𝒋𝝎
−

𝒆−𝒋𝝎𝑻

𝑻𝝎𝟐
+

𝟏

𝑻𝝎𝟐
] 
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                   = 𝐴 [
2

𝑇𝜔2
+

1

𝑇𝜔2
(−𝑒𝑗𝜔𝑇 − 𝑒−𝑗𝜔𝑇)] 

                   = 𝐴 [
2

𝑇𝜔2
−

1

𝑇𝜔2
(𝑒−𝑗𝜔𝑇 + 𝑒𝑗𝜔𝑇)] 

                   = 𝐴 [
2

𝑇𝜔2 −
1

𝑇𝜔2
(2cosωT)] [∵ cos𝜃 =

𝑒−𝑗𝜃 + 𝑒𝑗𝜃

2
] 

                   =
2𝐴

𝑇𝜔2
[1 − 𝑐𝑜𝑠𝜔𝑇] 

                   =
2𝐴

𝑇𝜔2 [2𝑠𝑖𝑛2 (
𝜔𝑇

2
)] 

                   =
4𝐴

𝑇𝜔2 ×
𝑇

𝑇
[𝑠𝑖𝑛2 (

𝜔𝑇

2
)] 

                   = 𝐴𝑇 ×
4

𝑇2𝜔2 [𝑠𝑖𝑛2 (
𝜔𝑇

2
)] 

                   = 𝐴𝑇 [
𝑠𝑖𝑛2 (

𝜔𝑇
2

)

(
𝜔𝑇
2

)
2 ] 

                   = 𝐴𝑇 [
sin (

𝜔𝑇
2

)

(
𝜔𝑇
2

)
]

2

 

∴ 𝑺𝑿𝑿(𝝎) =  𝑨𝑻𝑺𝒊𝒏𝒄𝟐 (
𝝎𝑻

𝟐
) 
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13. Obtain the PSD of a WSS random process X(t) whose auto 

correlation function is  

𝑹𝑿𝑿(𝝉)   = 𝒂𝒆−𝒃|𝝉| 

Sol: We know that, 

𝑆𝑋𝑋(𝜔) = 𝐹𝑇[𝑅𝑋𝑋(𝜏)] 

𝑆𝑋𝑋(𝜔) = ∫ 𝑅𝑋𝑋(𝜏)𝑒−𝑗𝜔𝜏

∞

−∞

𝑑𝜏 

∴ 𝑤𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 𝐹. 𝑇 𝑝𝑎𝑖𝑟  𝒆−𝜶|𝝉|    
𝑭. 𝑻
⇔

  
𝟐𝜶

  𝜶𝟐 + 𝝎𝟐 

𝑺𝑿𝑿(𝝎) =
𝟐𝒂𝒃

𝒃𝟐 + 𝝎𝟐 

(OR) 

𝑆𝑋𝑋(𝜔) = ∫ 𝑎𝑒−𝑏|𝜏| 𝑒−𝑗𝜔𝜏

∞

−∞

𝑑𝜏 

= ∫𝑎𝑒𝑏𝜏 𝑒−𝑗𝜔𝜏

0

−∞

𝑑𝜏 + ∫ 𝑎𝑒−𝑏𝜏 𝑒−𝑗𝜔𝜏

∞

0

𝑑𝜏 

𝑺𝑿𝑿(𝝎) =
𝟐𝒂𝒃

𝒃𝟐 + 𝝎𝟐
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14. Obtain auto correlation function for the power spectral density of X(t) is 

given by  

𝑆𝑋𝑋(𝜔) =
8

(𝛼 + 𝑗𝜔)3 

       Sol:  Given, 

𝑆𝑋𝑋(𝜔) =
8

(𝛼 + 𝑗𝜔)3 =
4 ∗ 2

(𝛼 + 𝑗𝜔)3 

We know that,  

              𝑅𝑋𝑌(𝜏) =  𝐼𝐹𝑇[𝑆𝑋𝑌(𝜔)] 

𝑅𝑋𝑌(𝜏) =
1

2𝜋
∫ 𝑆𝑋𝑌(𝜔)𝑒𝑗𝜔𝜏

𝑊

−𝑊

𝑑𝜔 

∴ 𝑤𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 𝐹. 𝑇 𝑝𝑎𝑖𝑟 𝒖(𝒕) 𝒕𝟐 𝒆−𝜶𝝉    
𝑭. 𝑻
⇔

  
𝟐

  (𝜶 + 𝒋𝝎)𝟑
 

𝑹𝑿𝒀(𝝉) = 𝟒 𝒖(𝒕) 𝒕𝟐 𝒆−𝜶𝝉 


